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Introduction

e [ he classical Smith’s determinant, H. J. Smith 1875

det(i,j)lnxn =| 2V B2 BN ) 012). . p(n)
(Tl, 1) (Tl, 2) e (Tl, Tl)

~ 1875—86 H. J. Smith, E. Cesaro, P. Mansion, 1930 D. H. Lehmer

~» 1950—1970 E. Cohen, T. M. Apostol, B. Gyires, Gy. Maurer

~» 1990—2009 S. Beslin, S. Ligh, P. Haukkanen, P. J. McCarthy,
S. Hong, I. Korkee, E. Altinisik
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e Let f be an arithmetical function and
fin) =) g(d).
dn
Then for the following generalization of Smith’'s determinant:

f0,1) 7((1,2)) - f((1,n)
detlf(i,jlnsn = | (2D T2 @R gy gy
flm, 1) f((n,2)) - f((n,n)

e L. Carlitz 1960,

[f(i>j)]n><n — C dlag(g(])> 9(2),,9(1’1)) CT)

where C = [ci]-]nxn,

I
5710, if i
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A Examples

1.

g(n) =n then f(n) = o(n) and

(0(i,j)Inxn = C diag(1, 2,...

detlo(i,j)lnxn = nl.

. g(n) = q(n) = p#(n) then

n)cl,

=Y pi(d) =2 =1*(n),

dn

T*(1,§)lnxn = C diag(a(1), a(2),...

det[t*(1,j)lnxn = q(1)q(2)---q(n) =

.q(m)) c,
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3. If g(n) = B(n) = ) (i,n) the Pillai function then

4.

=) pn)=

dn

[(1,3)(1,§)Inxn = C diag(B(1), B(2),...,B(n)) C',

det[(i,j)T(i,j)lnxn = B(1)B(2) - - B(n).

g(n):Mthenf Z‘n 1 —6()

n
B(1,7) P o(1) ©(2) @(n)
[(i’j)]nxn_Cdlag< T Ty T
ot [BQ,@)] _oMe2)---om)

(1,3) |xn n!
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Definitions and problems

~ The GCD matrix associated with f

- T((1,1) f((1,2)) - f((1,n))
sy = | 0210 7E2) iz
 fn, 1)) f((n,2)) -+ fl(n,n)) |
~ The LCM matrix associated with f
(0,10 f(0,2) .- A(0,m]) |
#( )l = | (2T TR T
(I, 1)) f(n,2]) -+ f(In,m]) |
~ The generalized GCD matrix associated with f
(1, (1, 1) f(0,(1,2)) - f(1,(T,m))
s = | B DT 2 )
 f(n,(n,1)) f(n,(n,2)) --- f(n,(n,m)) |
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~ The Hadamard product C = Ao B = [Cij]nxn of two matrices
A = [aij]nxn and B = [bij]nxn is simply their elementwise product,

Cij:aijbij) i,jE{],z,...,b}.

e Hadamard product for GCD matrices
A. Ocal, 2003; A. Nalli, 2006

Examples
det [ (i, I o (6 ))lnen| = B(1IB(2)-+B(n),
det [[B(i>j)]nxn0 [ .1. ] ] _e(Me(2)---on)
(1,3) | dxn n!
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~ The modified GCD matrix

[(i‘|‘1>j‘|‘1)]nxn:

~ The modified GCD matrix associated with f

[f(i‘|‘1>j ‘|‘1)]n><n:

(2,2) (2,
(3,2 3,

3)
) (3,3

)

(nt1,2) (n+1,3)

(2,n+1)
(3,n+1)

MmM+1T,n+1)
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GCUD matrices
~» unitary divisor

n

di|ned|n, <d,—):1.

d
~ greatest common unitary divisor (gcud)
(1,j) =d
~ the GCUD matrix associated with f

H((1,1))1((1,2))
i) e = | T2 1(2,2)7)

| f((n, 1)) f((n, 2)™)

~ the modified GCUD matrix associated with f

f((Z,Z)::)
FA+1,5+ 1) nxn = f((3,2)**)

f((n+1,2))

f((n,n)™)

f((2,n+ 1))
f(3,n+ 1))

f((n+ 1.,n + 1)**%)
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~ Pr. 1. Let f and g be two arithmetical functions. Determine the
conditions for which we can calculate the Hadamard product and
the determinant of Hadamard product of [f(i,j)lnxn and [g(i,j)lnxn.

~ Pr. 2. If we know det[f(i,j)lnxn and det[g(i,j)lnxn, is it possible
to calculate the determinant of Hadamard product matrix?

~ Pr. 3. If we known
det [f(iaj)]nxn O [Q(iaj)]nxn
nxXn
IS it possible to determine, under some conditions, the value of
det[f(i,j)lnxn?

~ Pr. 4. Let f and g be two arithmetical functions. Determine the
conditions for which we can calculate the Hadamard product and the
determinant od Hadamard product of [f(i,j)**nxn and [g(i,7)** nxn.

ELTE, September 9, 2010
11



~ Pr. 5. Determine the structure and the determinant of gener-
alized GCD matrices.

~ Pr. 6. Let f be an arithmetical function. Determine the struc-
ture and the determinant of modified GCD matrices.

~ Pr. 7. Let f be an arithmetical function. Determine the struc-
ture and the determinant of modified GCUD matrices.

~ Pr. 8. Determine the inverse of Mobius matrices.

~ Pr. 9. Determine the number of 1-s in Mobius matrices.
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Theorem 1. [A. B] Let h and g be two arith. func., g totally

multiplicative. If f(n Zh < ) then

dn
1.

1 ]T] ]n N
g(i')j) XN X
Wllere C — [Cij]nxny

[[f(i,mnxn 0 [

1 ] | _h()h(2)  h(n)
g(1,3) | iundnxn  g(1)g(2)  gn)’

3. Exists H(n) and G(n) arithmetical functions such that

] ] ]  det[H(i,)
9(1,)) nxn TLXTL_ det[G(lJ)]

det [[f(i»j”nxn © [

det [[f(i>j)]nxn o [
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Examples

1. If g(n) =n then f(n Zh

dn
[f(}g)] _ ¢ diag (h(1)’h(2)’ @) o7
(1’]) nxn 2 n
det r(,i’,j)] = det [[f( Vnxn © [ .1. ] ] _ h(1)h(2)---h(n)
(1,7) LXTL (1,] nxmATXN n!

]
2. If —
gn) = m then f(n Zh
dn

[(1,3) (i, )] yn = C diag (h(1)1,h(2)2,...,h(n)n) C'

det [f(i,)(i,})],,, = det [[f(i,mnxn o [4,i)]un|  =h(1)---h(n)n!

nxn
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Remark. If we want to apply this theorem to given f and g, we

have
hin) = 3 u(d)gla)f (5),
dn
. . f n
[f(l.’J.)] = C diag m,...,Zd’nu(d)g(d) (d) cl,
g(i,j)Inxn g(1) g(n)

Examples: 1. If f power free arithmetical function (f(p%) = f(p))

det [f(i,j)(1,5)] =] ]ekf(k)
k=1

det [v((1,i))(1,3)] =T oK)
k=1

2. For a power GCD matrix and determinant we have
[(1,3)*Inxn = C diag(Js(1), Js(2),...,Ts(n)) C,
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Generalized GCD matrices

Theorem 2. [A.B. 2008]
For a given arithmetical function g let

fn,m)=> g(d)— > g(d).

dn d/(n,m)
Then

[f(1,7)lnxn = C diaglg(1),9(2),...,g(n)D",

Whel’e C — [Ci]']nxn,

il

50, if i
D = [dijlnxn,

o 1, if j /i

%_{o,w ili
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Examples
1. g(n) =)

fnm) =Y od— Y old=n—(nm).

din di(n,m)

f(n,m) =1t(n) — t(n, m)

T(1) — t(1,j)Inxn = C diag(1, 1,...,1) DT

0, n=1
fn,m) =) ud— ) wd=¢ 0, n>lm>1(n,m>1.
dn d/(n,m) —1, otherwise

£(1,§)nxn = C diag(p(1), u(2),...,u(n)) D'.
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Remarks

1. If
f(in,m) =h(n) — h((n, m))
then

[f(1,))lnxn = C diag[(w*h)(1), (w*h)(2),...,(uxh)(M)D'.

2. The structure of the generalized GCD matrix still cannot be
exactly determined.

fhuTn)::g<n,hlnnJ)
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e Modified GCD matrices

Theorem 3. [A.B. 2010]
For a given arithmetical function g let

fin) =) g(d).

dn
T hen

Y I N LSRR S
U0, if i1

U = [Uij]nxn,

1 if j=1=mn
Wy = 0, otherwise
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Theorem 4. [A.B. 2010]
Let g(n) be an arithmetical function (g(n) #0), and

f(n) =) g(d).
dn
Then
n+1 -
detlf(i+1,5 + Don = 0(1)9(2)- - g +1) Y ¥ 1°
— 9lk]

A Examples
1. gn) = @(n) then f(n) =n and

1

det[(i—l—],j—|—1)]nxn:(P(”"'(P(TH_”Z Z

k=Tpy-pr<n+] pr =1 (px— 1)
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2. g(n) =1 then f(n) =1(n) and

[T(i+ 1,5 + Dlnxn = M diag[1,1,..., 1M + U,

n—+1

detlt(i+1,j+ Nlnxn = ) w’(n) = Qan+1).
k=1
3. If g(n) = B(n) = ) (i,n), the Pillai function, then
i=1

fn) = Y B(n) =nt(n),

dn

[(1+1, 5+ 1) (i+1,34+)lnxn = M diag(B(1), B(2),...,B(n)) M'+B(n+1),
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detl(i+1,j + Nt(i+1,j+ Dlnxn = BMPR)---pn+1) ) ——— =

4. g(n) =n then f(n) = o(n) and
[6(i+ 1,5+ DNlnxn = M diag(1, 2,...,n) M+ (n+ 1)U,
n+1 z(k)

detlo(i+1,j+ Dlnxn = (n+ 1)1y 222
k=1 K
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e Modified GCUD matrices

Theorem 5. [A.B. 2010]
For a given arithmetical function g let

fln) =Y g(d).

d|n
T hen

[f(i+ 1,54 Dlnxn = M* diaglg(1),9(2),...,gm)IM*T + g(n + 1)U,

where M* = [m¥]nxn,

Y

e [0 i
P 0, 0f i1

U = [Uq'j]nxn,

1, if j=1=mn
Yy = 0, otherwise
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e MODbius matrices

~ Classical Mobius matrices and inverses

C= [Cij]nxn,

N (—1)k, i l=pipa...pxk
0, otherwise

)
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~ Unitary Mobius matrices and inverses

C* = [C%Jnxn,

c*1 = 1™ (1, 3)Inxn,

(=) if 1”1,1_191 Py

L (1,)) = 1, if i=j
0, otherwise
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~ Modified Mobius matrices (2007)
M = [ﬂlij]nxn.
e 1, if j|i+1
o0, if i1

detM =un+1)

Theorem 5. [A. B. 2009]
If n=p—1 the inverse of My is MT_J = [m’(1,j)Inxn, Where

wi+1,j), ha i<n
m’(i,j) = 1, ha j=1i+1,

Problem. Determine the inverse of the Mobius matrix Mqu if n + 1
is the product of prime numbers, n+1=pipy---pg, k > 2.
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~ Modified unitary Mobius matrices (A. B., 2009)

M* = [m%]nxn,

where
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T he number of 1-s and -1-s in MoObius matrices

Theorem 6. [A. B. 2009]
The number of 1-s in Cq iS

n
Cn = Z T(k)>
k=1
and the number of 1-s in CTﬂ IS
] n
. *
k=2
Remark.
) Cn 7'[2
lim = —.
n—oo dn 3
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Theorem 7. [A. B. 2009]
The number of 1-s in Cj is
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Final observations

A Other type matrices:
e LCU and LCUM matrices
e Mixed modified GCD and LCM matrices

[(i—|—1,j—|—1)5]
[i—l_hj—l—”r nxn

e [ he Hadamard product of modified GCD matrices

A Generalizations and connections:

e Modified GCD matrices on factor closed sets and GCD closed
sets

e GCD matrices on posets (meet semilatices)

e Other connections to combinatorics (for example discrepancy of
matrices)
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