Acta Univ. Sapientiae, Mathematica, 2 (2009) xx–yy

Density of safe matrices

Antal Iványi

Eötvös Loránd University, Department of Computer Algebra 1117 Budapest, Pázmány P. sétány 1/C.

email: tony@compalg.inf.elte.hu

Abstract. A binary matrix A of size m × n is called r-good, if it contains in each column at most r 1’s; the matrix is called r-schedulable, if by deleting some zeros the matrix becomes r-good; A is called r-safe, if the first k (1 ≤ k ≤ n) columns of the matrix contains at most kr 1’s.

Let Z = [z_{ij}]_{m×n} be a matrix of independent random variables, having the common distribution P(z_{ij} = 1) = p and P(z_{ij} = 0) = 1 - p, where 0 ≤ p ≤ 1. For m ≥ 1 lower and upper bounds are presented for the asymptotic probability of the event that a concrete realization of Z is 1-schedulable: the lower bound is connected with good, and the upper bound with safe matrices. Further exact formula is given for the critical probabilities s_{crit}(m) defined as the supremum of probabilities, guaranteeing that the matrix Z is 1-safe with positive probability for arbitrary value of n.

1 Introduction

A very popular research area of combinatorics [2, 3, 5, 6, 9, 10, 11, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 52] and physics [15, 28, 36, 37, 38, 39, 42, 46] is the percolation.

In this paper we use and extend a mathematical model proposed by Peter Winkler [53] and studied later among others in [13, 14, 19, 20, 33, 35, 46]. This model is useful also for the investigation of some scheduling problems of parallel processes [40, 51] using resources requiring mutual exclusion [1, 7, 16, 21, 34, 45, 50].

AMS 2000 subject classifications: 60G50, 82B43, 68M20 Key words and phrases: random walk, percolation, scheduling of parallel processes 1

According to Winkler model two processes share one unit of a resource. We extend this model for m ≥ 2 processes and r > 0 units of the resource requiring mutual exclusion. The rise of the number of processes results a model describing the percolation in three or more dimensions.

Estimations of the probability of schedulability of processes are derived using different methods, first of all by investigating of asymmetric random walks across the x axis.

2 Formulation of the problem

Let m and n be positive integers, let r (0 ≤ r ≤ m) and p (0 ≤ p ≤ 1) be real numbers and let Z = z_{11} z_{12} . . . z_{1n} z_{21} z_{22} . . . z_{2n} . . .

z_{m1} z_{m2} . . . z_{mn}

be a matrix of independent random variables with the common distribution

P(z_{ij} = k) = � p, if k = 1 and 1 ≤ i ≤ m, 1 ≤ j ≤ n, q = 1 - p, if k = 0 and 1 ≤ i ≤ m, 1 ≤ j ≤ n. Let A = a_{11} a_{12} . . . a_{1n} a_{21} a_{22} . . . a_{2n} . . .

a_{m1} a_{m2} . . . a_{mn}

be a concrete realization of Z.

The good, safe and schedulable matrices are defined as follows. Matrix A is called r-good, if the number of the 1’s is at most r in each column. The number of different r-good matrices of size m × n is denoted by G_r(m, n) and the probability that Z is good is denoted by g_r(m, n, p).

Matrix A is called r-safe, if m� i=1 k� j=1 a_{ij} ≤ kr (k = 1, 2, . . . , n).

The number of different r-safe matrices of size m × n is denoted by S_r(m, n) and the probability that Z is safe, is denoted by s_r(m, n, p).

If a_{ij} = 0, then it can be deleted from A. Deletion of a_{ij} means that we decrease the second indices of a_{i,j+1}, . . . , a_{im} and add a_{im} = 0 to the i-th row of A.

Matrix A is called Winkler r-schedulable (shortly r-schedulable or rcompatible) if it can be transformed into an r-good matrix B using deletions. The number of different r-schedulable matrices of size m × n is denoted by W_r(m, n) and the probability that Z is r-schedulable is denoted by w_r(m, n, p). The function w_r(m, n, p) is called r-schedulability function.

The functions g_r(m, n, r), w_r(m, n, r) and s_r(m, n, r) are called the density of the corresponding matrices. The asymptotic density of the good, safe and schedulable matrices are defined as

g_r(m, p) = lim_{n→∞} g_r(m, n, p),

s_r(m, p) = lim_{n→∞} s_r(m, n, p),

w_r(m, p) = lim_{n→∞} w_r(m, n, p).

The critical probabilities defined as

w_{crit,r}(m) = sup{p | w_r(m, p) > 0},

g_{crit,r}(m) = sup{p | g_r(m, p) > 0}, and s_{crit,r}(m) = sup{p | s_r(m, p) > 0}

represent special interest for some applications.

The aim of this paper is to characterise the density, asymptotic density and critical probability of good, schedulable and safe matrices.

Starting point of our research is due to Péter Gács [20] proving that w_1(2, p) is positive for p small enough. His proof implies that w_{crit,1}(2) ≥ 10^{-400}.

2.1 Interpretation of the problem

Although Winkler model was proposed to study the percolation, we describe a possible interpretation as a model of parallel processes. Let m processes use r units of some resource R. The requirements of the process P_i are modelled by the sequence a_{i1}, a_{i2}, . . . , a_{im}. a_{ij} = 1 means that the process P_i needs a unit of the given resource in the jth time unit. a_{ij} = 0 means that the process P_i executes some background work in the jth time unit which can be delayed and executed after the last usage of R.

The special case m = 1 and r = 1 is the well-known ticket problem [52] or ballot problem [17], while the special case m = 2 and r = 1 is the Winkler model of percolation [20, 53].

The good matrices are schedulable without deletion of zeros. But some not good matrices are schedulable since using the permitted deletion operation they can be transformed into good matrices. Safeness is a necessary condition of schedulability. Therefore the number of good matrices gives a lower bound and the number of the safe matrices results an upper bound for the number of the schedulable matrices.

Since we handle the model as a model of informatics, in the sequel we follow the terminology used by Feller [17] in queueing theory.

3 Analysis

In this section we investigate first of all – using different methods – the function of the asymptotic density of 1’s as the function of the probability p of the appearance of 1’s and of the number of sequences m.

Some basic properties of the investigated functions (g_r(m, n, p), w_r(m, n, p) és s_r(m, n, p)) are the following:

• n ∈ N^+, r ∈ R and r ∈ [0, m], p ∈ R and p ∈ [0, 1];

• as the functions of n they are monotonically decreasing;

• as the functions of p they are monotonically decreasing;

• as the functions of m they are monotonically decreasing;

• as the functions of r they are monotonically increasing;

In the following we suppose that r = 1, that is in the column of the good matrices at most one 1, and in the first k columns of the safe matrices at most k 1’s are permitted. Since r equals everywhere to 1, therefore it is omitted as an index.

3.1 Preliminary results

In the further sections we need the following assertions.

Let C_n (n ∈ N^+) denote the number of binary sequences a_1, a_2, . . . , a_{2n}, containing n ones and n zeros in such a manner that each prefix a_1, a_2, . . . , a_k (1 ≤ k ≤ 2n) contains at most so many ones as zeros.

Lemma 1 If n ≥ 0, then

C_n = 1 n + 1 ( 2n n ) . It is worth to remark that C_n is the nth Catalan number, whose explicit form appears in numerous books and papers [8, 30, 31, 32, 48, 52].

Lemma 2 If 0 ≤ x ≤ 1, then

f(x) = x ∞� k=0 1 k + 1 ( 2k k ) (x(1 - x))^k =

�_x 1-x , if 0 ≤ x <^1_2 , 1, if^1_2 ≤ x ≤ 1.

Proof. See [47]. ■ If m ≥ 2, then the columns containing only 0’s are called white (W), the columns containing only 1’s are called black (B) and the remaining columns are called are called gray (G).

If m ≥ 2, then each column of the matrix A is white or gray with probability q^m + mpq^{m-1}, therefore g(m, n, p) = ( q^m + mpq^{m-1}

)_n

. If p > 0, then

g(m, p) = lim_{n→∞} ( q^m + pq^{m-1}m

)_n

= 0,

so the density of the good matrices tends to zero, when the number of the columns tends to infinity.

If in the case m = 2 we delete the white columns from a good matrix, then only gray columns remain in the matrix, that is each row of the matrix is the complementer of the other row.

The following simple assertion plays an important role in the following.

Lemma 3 If m ≥ 2, then the good matrices are schedulable, and the schedulable matrices are safe.

Proof. If in every column of the matrix A are at most one 1, then the first k columns contain at most k 1’s.

If there is a k (1 ≤ k ≤ n), that the first k columns of the matrix A contains more 1’s than k, then according to the pigeonhole principle there is at least one column containing two 1’s. If we delete a zero from A, then the number of the 1’s in the first k columns does not decrease, therefore A is not schedulable. ■ A useful consequence of this assertion is the following corollary.

Corollary 1 If m ≥ 2, then

g(m, n, p) ≤ w(m, n, p) ≤ s(m, n, p),

g(m, p) ≤ w(m, p) ≤ s(m, p), g_{crit}(m) ≤ w_{crit}(m) ≤ s_{crit}(m).

3.2 Matrices with two rows

For the simplicity of the notations we analyse the function u(2, n, p) = 1 - s(2, n, p) instead of s(2, n, p). At first we derive a closed formula for u(2, n, 0.5).

Lemma 4 If n ≥ 1, then

u(2, n, 0.5) = n� i=1

⌊(i-1)/2⌋ � j=0 2^{i-1-2j}C_j ( i - 1 2j ) 4^{n-i}. (1)

Proof. Let’s classify the possible matrices of size 2 × n according to their first such column, in which the cumulated number of 1’s became greater than the number of 0’s. This column is called the deciding column of the matrix.

The index of the deciding column is 1, 2, . . . , n - 1 or n. The matrices of the received classes can be further classified according to the number of black columns before the deciding column: the possible values of this number are 0, 1, . . . , ⌊(n - 1)/2⌋.

The outer summing takes into account the deciding columns, while the inner summing does the black columns before the deciding column. The binomial coefficient mirrors the number of possibilities for the placement of the 2j black and white columns in the i - 1 columns preceding the deciding column. The jth Catalan number C_j gives the number of corresponding sequence of the black and white columns. The power of base 2 gives the number of possible arrangements of the gray columns. Finally the power of base 4 takes into account the fact, that the columns after the deciding one can be filled in arbitrary manner – the matrix will be unsafe in any case. ■ It seems that it would be hard to handle the formula (1) for u(2, n, 0.5).

Therefore we present a combinatorial method and three further ones based on random walks to get the explicit form of s(2, p).

Lemma 5 If 0 ≤ p ≤ 1, then

1 - s(2, p) = u(2, p) =

�_{p2}

q^2 , if 0 ≤ p < 1 2 , 1, if^1_2 ≤ p ≤ 1.

Proof. Some part of the unsafe matrices is unsafe due to the first black column. The general form of such matrices is G^aBA^b, where a + b + 1 = n, further G means a gray, B means a black and A means an arbitrary column. The asymptotic fraction of such columns is ∞� a=0 C_0(2pq)^ap^2 = p^2 1 - 2pq

C_0.

The general form of the following group of the unsafe matrices is G^aBG^bW G^cBA^d, where a+b+c+d+3 = n. The fraction of such matrices asymptotically equals to ∞� a=0 (2pq)^ap^2 ∞� b=0 (2pq)^bq^2 ∞� c=0 (2pq)^cp^2 = p^2 1 - 2pq

C_1 p^2 1 - 2pq q^2 1 - 2pq . Generally, if the (i + 1)th black column is deciding, then the asymptotic contribution of such matrices to the probability of the unsafe matrices equals to p^2 1 - 2pq

C_i ( p^2 1 - 2pq q^2 1 - 2pq

)_2 , and so

u(2, p) = ∞� i=0 p^2 1 - 2pq

C_i ( p^2 1 - 2pq q^2 1 - 2pq

)_i . Lemma 2 with the substitutions p^2/(p^2 + q^2) = x and q^2/(p^2 + q^2) = 1 - x gives the required formula. ■ We get a useful method for the investigation of our matrices assigning to each matrix a random walk [17, 43] on the real axis containing a sink at the point -1.

Another proof of Lemma 5 is as follows. In the following proofs of Lemma 5 we consider only the case 0 ≤ p ≤ 1/2, since if 1/2 ≤ p ≤ 1, then the following famous result of György Pólya [41, 43] implies our assertion.

Lemma 6 The probability that the moving point performing a random walk over the real axis, returns infinitely often to its initial position is equal to one.

Second proof of Lemma 5. Let’s assign a random walk to the matrix A so, that a black column implies a step to left, a white column implies a step to right and a gray column results that the moving point preserves its position.

Let b_k(A) denote the number of 1’s in the first k columns of the matrix A. Then

b_k = k� i=1 (a_{1i+2i}).

If b_i ≤ k for i = 1, 2, . . . , k, then after k time units the moving point is in the point (k - b_k, 0) of the real axis, otherwise the point is absorbed by the sink at -1.

We wish to determine the probability of the absorption of the moving point. The probability of a step to left is p^2, the probability of a step to right is q^2 and 2pq is the probability of the event that the point does not change its position.

Using the notation u(2, p) = x we have

x = p^2 + 2pqx + q^2x^2.

The roots of this equation are

x_{1,2} =

1 - 2pq ± √ (1 - 2pq)^2 - 4p^2q^2 2q^2 = p^2 + q^2 ± √ (p^2 - q^2)^2 2q^2 , from where we get

x_1 = p^2 q^2 and x_2 = 1. (2)

This formula and s(2, p) = 1 - u(2, p) results the required formula. ■ Since we are interested first of all in the probability of the absorption, we can assign a random walk to matrix Z neglecting the gray columns, since the gray columns have no influence on the limit probability of the absorption (they only make the convergence slower).)

Another proof of Lemma 5 is the following.

Third proof of Lemma 5. Dividing the probability of the gray columns among the black and white columns in the corresponding ratio we get for the probability a of the step to left and for the probability of the step to right that a = p^2 p^2 + q^2 és b = q^2 p^2 + q^2

. (3)

Using these probabilities we get the equation

x = a + bx^3.

Substituting a and b into the roots of this equation according to (3) we get here also the roots corresponding to (2). ■ Finally we present such a method which later can be extended to arbitrary m ≥ 2 sequences.

Fourth proof of Lemma 5. Let x_k (k = -1, 0, 1, 2, . . .) denote the probability of the event that the point starting at point k will be absorbed by the sink at x = -1. Let’s assign again a step to left to the columns containing two 1’s, a step to right to the columns containing two 0’s and preservation of the position to the mixed columns.

Then we can write the following system of equations.

x_0 = q^2x_1 + 2qpx_0 + p^2, x_1 = q^2x_2 + 2qpx_1 + p^2x_0, x_2 = q^2x_3 + 2qpx_2 + p^2x_1, x_3 = q^2x_4 + 2qpx_3 + p^2x_2, · · · (4)

Let G(z) = ∞� i=1 x_iz^i

be the generator function of the sequence x_0, x_1, x_2, . . .. Multiplying the equation beginning with x_i I = 1, 2, . . . of the system of equations (4) by z^i and summing up the new equations we get the equation

G(z) = q

G(z) - x_0 z + 2pqG(z) + p^2(1 + zG(z)).

From this equation G(z) can be expressed in the form

G(z) =

P(z) Q(z) , where P(z) = q^2x_0 - p^2z and Q(z) = p^2z^2 + 2pqz + q^2 - z.

In the zero places z_o with |z_0| ≤ 1 of the polynomial Q(z) according to Cauchy- Hadamard theorem [44, page 69] it must hold P(z) = 0. Writing the equation Q(z) = 0 in the form (pz + q)^2 = z

Figure 1: The curve of the schedulability function s(2, p, 1) in the interval p ∈ [0, 0.5].

we directly get that z = 1 is a root of the polynomial Q(z). From the equation P(1) = 0 we get the root

x_0 = p^2 q^2 , implying

s(2, p) = 1- p^2 q^2 , ■ Figure 1 shows the part belonging to the interval p ∈ [0, 0.5] of the curve of the function s(2, p, 1) defined in the interval [0, 1].

According to the properties of the functions g(2, p) és s(2, p) the critical probabilities satisfy the following inequalities:

0 = g_{crit}(2) ≤ w_{crit}(2) ≤ s_{crit}(2) = 1 2 . Let’s remind that Gács proved w_{crit}(2) ≥ 10^{-400} [20].

Let T(m, n) denote the number of the binary matrices of size m × n. Then T(m, n) = 2^{mn}.

Figure 2 contains the number and fraction of the good, schedulable and safe matrices for the case m = 2, p = 0.5, and n = 1, 2, . . . , 15. In this n G(2, n)^{G(2,n)}_{T (2,n)} W(2, n)^{W(2,n)}_{T (2,n)} S(2, n)^{S(2,n)}_{T (2,n)}^{W(2,n)}_{S(2,n)} 1 3 0.750 3 0.750 3 0.750 1 2 9 0.562 10 0.625 10 0.625 1 3 27 0.452 35 0.547 35 0.547 1 4 81 0.316 124 0.484 126 0.492 0.984 5 243 0.237 444 0.434 462 0.451 0.961 6 729 0.178 1592 0.389 1716 0.419 0.927 7 2187 0.133 5731 0.350 6435 0.393 0.890 8 6561 0.100 20671 0.315 24310 0.371 0.850 9 19683 0.075 74722 0.285 92378 0.352 0.808 10 59049 0.056 270521 0.258 352716 0.336 0.767 11 177147 0.042 980751 0.234 1352078 0.322 0.725 12 531441 0.032 3559538 0.212 5200300 0.310 0.684 13 1594323 0.022 12931155 0.193 20058300 0.299 0.646 14 4782969 0.018 47013033 0.175 77558760 0.289 0.606 15 14348907 0.013 171036244 0.159 300540195 0.280 0.568

Figure 2: Rounded data belonging to the parameters m = 2 and p = 0.5.

case the fractions equal to the probability of the corresponding matrices. According to Lemma 5 in this case G(m, n)/T(m, n), W(m, n)/T(m, n), and S(m, n)/T(m, n) tend to zero when n tends to infinity.

Figure 3 contains the fractions of the good, schedulable and safe matrices for the case m = 2, p = 0.4, and n = 1, 2, . . . , 16. In the column s(2, n, 0.4) of Table 3 the computed limit is 5/9 ∼ 0.555.

Figure 4 contains the fractions of the good, schedulable and safe matrices for the case m = 2, p = 0.35, and n = 1, 2, . . . , 17. For the column s(2, n, 0.35) of Table 4 the computed limit is 120/169 ∼ 0.710.

3.3 Matrices with three rows

If m = 3, then the possible ratios of the 1’s and 0’s are 3:0, 2:1, 1:2 or 0:3. We assign to the investigated matrix such random walk in which the walking point jumps by two to left with the probability p^3 of the column containing three 1’s; the point makes a step to left with the probability 3p^2q; the position is preserved with the probability q^3 of the column containing only zeros.

Using the notation x_k introduced in the fourth proof of Lemma 5 we get the n T(2, n) g(2, n, 0.4) w(2, n, 0.4) s(2, n, 0.4)^{w(2,n,0.4)}_{s(2,n,0.4)} 1 4 0.8400 0.8400 0.8400 1 2 16 0.7056 0.7632 0.7632 1 3 64 0.5927 0.7171 0.7171 1 4 256 0.4979 0.6795 0.6862 0.9902 5 1024 0.4182 0.6487 0.6639 0.9771 6 4096 0.3513 0.6206 0.6470 0.9592 7 16384 0.2951 0.5957 0.6339 0.9397 8 65536 0.2479 0.5731 0.6234 0.9193 9 262144 0.2082 0.5524 0.6149 0.8984 10 1048576 0.1749 0.5332 0.6078 0.8773 11 4194304 0.1469 0.5155 0.6019 0.8565 12 16777216 0.1234 0.4988 0.5967 0.8359 13 67108864 0.1037 0.4832 0.5924 0.8157 14 268435456 0.0871 0.4685 0.5886 0.7960 15 1073741824 0.0731 0.4545 0.5854 0.7764 16 4294967296 0.0644 0.4412 0.5825 0.7574 17 169779869184 0.0516 0.4286 0.5800 0.7390

Figure 3: Rounded data belonging to the parameters m = 2 and p = 0.4.

following equations:

x_0 = q^3x_1 + 3q^2px_0 + 3qp^2 + p^3, x_1 = q^3x_2 + 3q^2px_1 + 3qp^2x_0 + p^3, x_2 = q^3x_3 + 3q^2px_2 + 3qp^2x_1 + p^3x_0, x_3 = q^3x_4 + 3q^2px_3 + 3qp^2x_2 + p^3x_1, · · · (5)

Let G(z) = ∞� i=0 x_nz^n

be the generator function of the sequence x_0, x_1, x_2, . . .. Then multiplying the equations of the system (5) with the corresponding powers of z and summing up the received equations we get

G(z) = q^3

G(z) - x_0 z + 3q^2pG(z) + 3qp^2(1 + zG(z)) + p^3 ( 1 + z + z^2G(z) ) , n T(2, n) g(2, 0.35) w(2, 0.35) s(2, n, 0.35)^{w(2,0.35)}_{s(2,0.35)} 1 4 0.8775 0.8775 0.8775 1 2 16 0.7700 0.8218 0.8218 1 3 64 0.6757 0.7901 0.7901 1 4 256 0.5929 0.7645 0.7699 0.9930 5 1024 0.5203 0.7441 0.7561 0.9841 6 4096 0.4565 0.7255 0.7462 0.9723 7 16384 0.4006 0.7094 0.7389 0.9601 8 65536 0.3515 0.6949 0.7334 0.9475 9 262144 0.3085 0.6817 0.7291 0.9350 10 1048576 0.2707 0.6696 0.7258 0.9226 11 4194304 0.2375 0.6585 0.7231 0.9107 12 16777216 0.2084 0.6481 0.7210 0.8989 13 67108864 0.1839 0.6383 0.7192 0.8875 14 268435456 0.1605 0.6291 0.7178 0.8764 15 1073741824 0.1401 0.6204 0.7166 0.8658 16 4294967296 0.1236 0.6122 0.7156 0.8555

Figure 4: Rounded data belonging to the parameters m = 2 and p = 0.35.

from where G(z) can be expressed as the fraction of two polynomials:

G(z) =

P(z) Q(z) , where P(z) = q^3x_0 - 3qp^2z - p^3(z + z^2) and Q(z) = p^3z^3 + 3p^2qz^2 + 3pq^2z + q^3 - z.

The equation Q(z) = 0 can be transformed into the form

(q + pz)^3 = z,

from where the root z_1 = 1 follows immediately. Expressing x_0 from the equation P(1) = 0 we get

x_0 =

3p^2 q^2 + 2p^3 q^3

, (6) n T(3, n) g(3, n, 0.5) w(3, n, 0.5) s(3, n, 0.5) w(3, n, 0.5) s(3, n, 0.5) 1 8 0.5000 0.5000 0.5000 1.0000 2 64 0.2500 0.2969 0.2969 1.0000 3 512 0.1250 0.1914 0.1914 1.0000 4 4 096 0.0625 0.1282 0.1296 0.9892 5 32 768 0.0312 0.0880 0.0907 0.9702 6 262 144 0.0156 0.0612 0.0651 0.9401 7 2 097 152 0.0078 0.0429 0.0475 0.9032 8 16 777 216 0.0039 0.0303 0.0352 0.8594

Figure 5: Rounded data belonging to the parameters m = 3 and p = 0.5.

implying

s(3, p) = 1 -

3p^2 q^2 - 2p^3 q^3

, (7)

The value of the function 1-x_0 = x_0(p/q) is 1 at p/q = 0 and it is decreasing if 0 ≤ p/q ≤ 1/2. With the multiplication by q = (1 - p)^3 we get the equation

3p^2 (1 - p)^2 + 2p^3 (1 - p)^3

= 1,

which by algebraic manipulations results the value p = 1/3, that is s_{crit}(3) = 1/3.

Figure 5 contains the fraction of the good, schedulable and safe matrices for the case m = 3, p = 0.5, and n = 1, 2, . . . , 8.

In this table g(3, n, 0.5), w(3, n, 0.5), and s(3, n, 0.5) all have to tend to zero when n tends to infinity.

Figure 6 contains fraction of the good, schedulable and safe matrices for the case m = 3, p = 0.25, and n = 1, 2, . . . , 5.

In this table g(3, n, 0.25) has to tend to zero, if n tends to infinity, but according to formula (7) 16/23 ∼ 0.593 is the computed limit for s(3, n, 0.25) when n tends to infinity.

We remark that the master thesis of Rudolf Szendrei [49] contains further simulation results.

n T(3, m) g(3, n, 0.25) w(3, n, 0.25) s(3, n, 0.25) w(3, n, 0.25) s(3, n, 0.25) 1 8 0.8437 0.8437 0.8437 1.0000 2 64 0.7119 0.7712 0.7712 1.0000 3 512 0.6007 0.7286 0.7286 1.0000 4 4 096 0.5068 0.6981 0.7004 0.9967 5 32 768 0.4276 0.6748 0.6804 0.9917

Figure 6: Rounded data belonging to the parameters m = 3 and p = 0.25.

4 Main result

The analysis of the safe matrices of size m × n in the case of m ≥ 4 is similar.

If a column of the matrix A contains at least b ≥ 3 1’s, then the walking point jumps (b - 2) positions to left; if the column contains two 1’s then the point makes a step to left; in the case of one 1 the point preserves its position and if the column contains only 0’s then the point makes a step to right. The corresponding probabilities are

(_m b ) p^{b-2}q^{n-b+2},

(_m 2 ) p^{m-2}q^2,

(_m 1 ) pq^{m-1} and (_m 0 ) q^m,. So we get the following equations:

x_0 =

(_m 0 ) q^mx_1 +

(_m 1 ) pq^{m-1}x_0 +

(_m 2 ) p^2q^{m-2} + (_m 3 ) p^3q^{m-3} + . . . +

(_m m ) p^m, x_1 =

(_m 0 ) q^mx_2 +

(_m 1 ) pq^{m-1}x_1 +

(_m 2 ) p^2q^{m-2}x_0 + (_m 3 ) p^3q^{m-3} + . . . +

(_m m ) p^m, x_2 =

(_m 0 ) q^mx_3x_3 +

(_m 1 ) pq^{m-1}x_2 +

(_m 2 ) p^2q^{m-2}x_1 + (_m 3 ) p^3q^{m-3}x_0 + . . . +

(_m m ) p^m, · · ·

(8)

Let G(z) = ∞� i=0 x_nz^n

be the generator function of the sequence x_0, x_1, x_2, . . .. Then multiplying the equations in (8) with the corresponding powers of z and summing up them we get G(z) = ( m 0 ) q^m

G(z) - x_0 z + ( m 1 ) pq^{m-1}G(z) + ( m 2 ) p^2q^{m-2}(1 + zG(z))

+ ( m 3 ) p^3q^{m-3}(1+z+z^2G(z))+· · ·+ ( m m ) p^m ( 1 + z + · · · + z^{m-2} + z^{m-1}G(z) ) , from where one can express G(z) as the fraction of two polynomials:

G(z) =

P(z) Q(z) , where

P(z) = ( m 0 ) q^mx_0 - m� i=2 ( m i ) p^iq^{m-i} i-2� j=0 z^j .

If the denominator has a root x with |x| ≤ 1, then the value of the nominator at x must be zero.

Reordering the equation Q(z) = 0 to the form

(q + pz)^m = 1

we get the root z_1 = 1. Division of the equation P(1) = 0 by q^m results the equation

x_0 = m� i=2 ( m i ) ( p 1 - p

)_i (i - 1).

The value of the function x_0 = x_0(p) is zero at p = 0, and the function is increasing, if p is positive. From the equation x_0 = 1 we get p = 1/m.

Taking into account the results received above for the cases m = 2 and m = 3 we received the following result.

Theorem 1 If m ≥ 2 and 0 ≤ p ≤ m, then

s_{crit}(m) = 1 m . (9) and

s(m, p) = � 1 - �_m i=2 (_m i ) (_p 1-p )_i

(i - 1), if 0 ≤ p <^1_m , 0, if^1_m ≤ p ≤ 1.

(10)

Proof. a) The special case m = 2 is equivalent with Lemma 5.

b) The special case m = 3 is equivalent with formula (7). c) For the case m ≥ 4 see the proof before the theorem. ■

5 Summary

We determined the explicit form of the asymptotic density s(m, p) for every number of the rows m ≥ 2 and probability of 1’s p. Further we gave the exact values of the critical probabilities s_{crit}(m) for m ≥ 2. The value of s_{crit}(2) is 0.5 what is characteristic to several other two dimensional critical probabilities. The further critical probabilities are decreasing when m grows.

According to the simulation experiments the critical probabilities are near to the received upper bounds: Table 2 shows the data belonging to m = 2 and p = 0.5, Table 3 the data belonging to m = 2 and p = 0.4, Table 4 the data for m = 2 and p = 0.35, Table 5 the data belonging to m = 3 and p = 0.5, and Table 6 presents the data belonging to m = 3 and p = 0.25.

On the base of the data of the figures we suppose that the bound p ≥ 10^{-400} in [20] can be improved, but the analysis of the behaviour of fraction w(m, p)/s(m, p) requires further work.

We are able to give a bit better lower and upper bounds of the investigated w_r(m, n, p) probabilities, but the more precise characterisation of the critical probabilities requires more useful matrices than the good and safe ones.

Acknowledgement. The author thanks Péter Gács (Boston University) for proposing the problem, further János Gonda, Sándor Kovács, Lajos László, Tamás Móri, Péter Simon, László Szili (all of Eötvös Loránd University), Zoltán Kása (Sapientia University) and József Kolumbán (Babeş-Bolyai University) for their useful remarks and Rudolf Szendrei for the simulation experiments.

References

[1] A. A. Aravind, W. H. Hesselink, A queue based mutual exclusion algorithm. Acta Inform. 46, 1 (2009) 73–86.

http://www.springerlink.com/content/h610p1479757/?p=da00ec91cbfc 49d498f2faca20f023c9&pi=2.

[2] M. Axelson-Fisk, O. Häggström: Conditional percolation in one-dimensi-onal lattices. Submitted manuscript, 2008. http://www.cs.chalmers.se/∼olleh/papers.html.

[3] P. Balister, B. Bollobás, M. Walters: Continuum percolation with steps in an annulus. Ann. Appl. Probab. 14, 4 (2004) 1869–1879. http://arxiv.org/find.

[4] P. Balister, B. Bollobás, R. Johnson, M. J. Walters: Random majority percolation, Random Structures & Algorithms. To appear. http://www.msci.memphis.edu/∼ pbalistr/.

[5] J. Balogh, B. Bollobás, R. Morris: Majority bootstrap percolation on the hypercube. Combin. Probab. Comput. 18, (2009) 17–51. http://journals.cambridge.org/action/displayJournal?jid=CPC.

[6] J. Balogh, B. Bollobás, R. Morris, Bootstrap percolation in three dimensions. Annals Prob. To appear.

http://www.math.uiuc.edu/∼jobal/papers.html.

[7] F. Basile, L. Recalde, P. Chiacchio, M. Silva: Closed-loop live marked graphs under generalised mutual exclusion constraint enforcement. Discrete Event Dyn. Syst. 19, 1 (2009) 1–30.

http://springerlink.com/content/qr4h47264441/?p=76314201848c4623a14 6fdc5d3b0bc3d&pi=1.

[8] A. Bege, Z. Kása: Coding objects related to Catalan numbers, Studia Univ. Babeş-Bolyai, Informatica, XLVI, 1 (2001) 31–39. http://www.cs.ubbcluj.ro/∼studia-i/contents.php.

[9] S. Ben-Shimon, M. Krivelevich: Vertex percolation on expander graphs.

European J. Combin. 30, 2 (2009) 339–350. http://www.sciencedirect.com/science/journal/01956698.

[10] B. Bollobás, O. Riordan, A short proof of the Harris-Kesten theorem.

Electronic manuscript, 2005. http://arxiv.org/find.

[11] B. Bollobás, O. Riordan: Percolation. Cambridge University Press, Cambridge, 2006.

[12] B. Bollobás, O. Riordan: Clique percolation.

http://arxiv.org/PS cache/arxiv/pdf/0804/0804.0867v2.pdf.

[13] B. Bollobás, S. Janson, O. Riordan: Line-of-sight percolation. Combin.

Probab. Comput. 18, (2009) 83–106.

http://journals.cambridge.org/download.php?file=%2FCPC%2FCPC18 1- 2%2FS0963548308009310a.pdf&code=d217827e935d668315bc15f69c7fae16.

[14] B. Bollobás, R. Kozma, D. Miklós (editors): Handbook of Large-Scale Random Networks. Bolyai Society Mathematical Studies, 18. Springer- Verlag, Berlin, 2009. To appear.

[15] I. Derényi, G. Palla, T. Vicsek: Clique percolation in random networks.

Phys. Rev. Lett 94, (2005) 160–202. http://arxiv.org/find.

[16] B. Englert, D. Kowalski, G. Malewicz, A. A. Shvartsman: Distributed algorithms. In Algorithms of Informatics, edited by A. Iványi, mondAt, Budapest, 2007, 591–642.

[17] W. Feller: An Introduction to Probability Theory and its Applications.

John Wiley and Sons, New York, 1968.

[18] P. Gács: The clairvoyant demon has a hard task. Combin. Probab. Comput. 9, 5 (2000) 421–424.

http://www.cs.bu.edu/fac/gacs/recent-publ.html.

[19] P. Gács: Clairvoyant scheduling of random walks. Manuscript, Boston 2008, 70 pages: http://www.cs.bu.edu/fac/gacs/recent-publ.html. Short version: Clairvoyant scheduling of random walks. In: Proc. of the Thirty- Fourth Annual ACM Symposium on Theory of Computing, (electronic), ACM, New York, 2002, 99–108.

[20] P. Gács: Compatible sequences and a slow Winkler percolation. Combin.

Probab. Comput. 13, 6 (2004) 815–856. http://www.cs.bu.edu/fac/gacs/recent-publ.html.

[21] F. Gardi: Mutual exclusion scheduling with interval graphs or related classes. I. Discrete Appl. Math. 157, 1 (2009) 19–35. http://pageperso.lif.univ-mrs.fr/∼frederic.gardi/downloads/ MES I Gardi.pdf.

[22] J. Gravner, A. E. Holroyd: Slow convergence in bootstrap percolation.

Annals Appl. Prob. 18, 3 (2008) 909–928. http://www.math.ubc.ca/∼holroyd/.

[23] J. Gravner, A. E. Holroyd: Local bootstrap percolation. Electron. J. Probab. 14, 14 (2009) 385–399.

http://www.univie.ac.at/EMIS/journals/EJP-ECP/ ejpecp/.

[24] G. Grimmett: Percolation and Disordered Systems. Springer-Verlag, Berlin, 1997.

[25] O. Häggström: Computability of percolation thresholds. In In and Out of Equilibrium 2, edited by V. Sidoravicius and M. E. Vares. Birkhäuser, Boston, 2008, 321–329.

http://www.cs.chalmers.se/ olleh/papers.html.

[26] O. Häggström, P. Mester: Some two-dimensional finite energy percolation processes. Electr. Comm. Probab. 14, (2009) 42–54. http://www.math.washington.edu/∼ejpecp/ECP/index.php.

[27] T. E. Harris: A lower bound for the critical probability in a certain percolation process. Proc. Cambridge Phil. Soc. 56, (1960) 13–20.

[28] A. Hunt, R. Ewing: Percolation Theory for Flow in Porous Media. Second edition. Lecture Notes in Physics, 771. Springer Verlag, Berlin, 2009.

[29] S. Janson: On percolation in random graphs with given vertex degrees.

Elec. J. Prob. 14, (2009). Paper no. 5, 87–118.

http://www.math.washington.edu/∼ejpecp/viewarticle.php?id=1907.

[30] Z. Kása, Combinatorică cu aplicaţii. (in Romanian). Presa Universitară Clujeană, Cluj-Napoca, 2003.

[31] Z. Kása, Recurrences. In Algorithms of Informatics (ed. by A. Iványi).

mondAt Kiadó, Budapest, 2007, 13–37. In Hungarian: http://elek.inf.elte.hu/magyarkonyvek/.

[32] Z. Kása, Generating and ranking of Dyck words. Acta Universitatis Sapientiae, Sectio Informatica 1, 1 (2009) 109–118. http://www.acta.sapientia.ro/acta-info/C1-1/info1-9.pdf.

[33] H. Kesten: Percolation Theory for Mathematicians. Birkhäuser, Boston, 1982.

[34] A. D. Kshemkalyani, M. Singhal: Distributed Computing: Principles, Algorithms, and Systems. Cambridge University Press, Cambridge, 2008.

[35] E. R. Moseman, P. Winkler, On a form of coordinate percolation. Combinatorics, Probability and Computing, 17, 6 (2008) 837–845. http://www.math.dartmouth.edu/ pw/papers/pubs.html.

[36] R. Meester, R. Roy: Continuum Percolation. Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 2008.

[37] G. Palla, I. Derényi, T. Vicsek: The critical point of k-clique percolation in the Erdős-Rényi graph. J. Stat. Phys. 128, 1–2 (2007) 219–227. http://angel.elte.hu/ derenyi/publ.html.

[38] G. Palla, I. Farkas, P. Pollner, I. Derényi, T. Vicsek: Directed network modules. New Journal of Physics 9, (2007) no. 186 (21 pages). http://www.iop.org/EJ/article/1367-2630/9/6/186/njp7 6 186.pdf?requestid=286187ee-9cb8-465f-99f5-8b7c4e1a92a8.

[39] G. Palla, D. Ábel, I. J. Farkas, P. Pollner, I. Derényi, T. Vicsek: k-clique percolation and clustering. In Handbook of Large-Scale Random Networks. Bolyai Society Mathematical Studies 18, edited by B. Bollobás, R. Kozma, and D. Miklós. Springer-Verlag, Berlin, 2009). To appear.

[40] G. Pécsy, L. Szűcs: Parallel verification and enumeration of tournaments.

Stud. Univ. Babeş-Bolyai Inform. 45, 2 (2000) 11–26. http://www.cs.ubbcluj.ro/ studia-i/2000-2/index.php.

[41] G. Pólya: Über eine Aufgabe der Wahrscheinlichkeit betreffend the Irrfahrt im Strassennetz. Math. Ann 84, (1921) 149–160. http://www.springerlink.com/content/p75n61t88u11n198/.

[42] B. Ráth, B. Tóth: Triangle percolation in mean field random graphs – with PDE. J. Stat. Physics 131, (2008) 385–391. http://www.math.bme.hu/ balint/elemek/tbpubl.htm.

[43] A. Rényi: Probability Theory. Akadémiai Kiadó, Budapest, 1970.

[44] W. Rudin, Principles of Mathematical Analysis. Third edition. McGraw Hill, New York, 1976.

[45] N. Santoro: Design and Analysis of Distributed Algorithms. John Wiley & Sons, Hoboken, 2007.

[46] D. Schauffer: Introduction to Percolation Theory. Taylor & Francis, London, 1985.

[47] P. Simon. Proof of a useful lemma. Manuscript, Budapest, 2005.

[48] R. P. Stanley: Enumerative Combinatorics, Volume 2. Cambridge Studies in Advanced Mathematics, 62. Cambridge University Press, Cambridge, 1999.

[49] R. Szendrei: Scheduling of parallel processes (in Hungarian). Master thesis. Eötvös University, Budapest, 2007.

http://compalg.inf.elte.hu/∼tony/Oktatas/Diplomamunka-Szakdoli- Nagyprogram/.

[50] G. Tel: Introduction to Distributed Algorithms. Second edition. Cambridge University Press, Cambridge, 2008.

[51] A. Ulbert, L. Cs. Lőrincz, T. Kozsik, Z. Horváth: Speculative scheduling of parameter sweep applications using job behaviour descriptions. Int. J. Grid High Perf. Comp. 1, 1 (2009) 22–38.

http://www.igi-global.com/journals/details.asp?id=7764& mode=tocVolumes.

[52] N. J. Vilenkin, Combinatorial Mathematics for Recreation. Mir Publisher, Moscow, 1972.

[53] P. Winkler, Dependent percolation and colliding random walks, Random Structures & Algorithms 16, 1 (2000) 58–84. http://www.math.dartmouth.edu/∼pw/papers/pubs.html.