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On the speed of computers with paged and interleaved memory

by Iványi A. and .Kátai10

/Winter-school in VisegrÚd, January 19'76/

Abstract: A performance measure (the speed) of computer mathe-

matical models is defined. Irh:Lsmeasure is given as a function

of hardware and prograrnbehaviour parameters for Bélády's

compUl;ermodel with paged Dwmory and Vulihman' s model with

interleaved memoryo

KEY WOHDS AliJD PHHAiSES: computer system performance, demand

paging, interleaved memory, program behaviour.

1. Introduction

Computer performance is investigated by empirical, simu-

lation and analytical methods [1] .

The analytical method is based on the analysis of mathema-

tical rnodelsreflecting the essence of processes by "exact"

methods /e.g. queueing or Markov-chain theory, combinatorics

etc./.

Drieto the inaccuracy of models the analytical method

usually gives only a rough estimate, but the results are gene-

ral and convenient for computer planning or development.a .

In this lecture we recommend an analytical method, based

on Bélády's [2J, Cof:f)nan's[3J and Kogan's [4] methods and give

some concrete formulas derived by this methode
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2. Definition of trillspeed

rrhe set N = {"1 , ..., »n} (1< n <cn) is called a prog-

cJT=rlo ..rT (1~ T~aa " rt EN, t=l,..., T)

of N /T-element permutations with

ram, and the sequence

consisting of elements

repetition/ is called a program realization of length T.

Denote Ni the set of alJ possible sequences CJT. Denote

1:"~T] the processing time of a sequellc;ec.JT on given computer

,,~

_model. The distribution of the elements of N in the

sequences Cc)T i~ called program behaviour [5J. ~[1hisbehaviour

is given by the set D = {Dl' . . . ,DT} of distribution-

functions Dl' o . . , DT where DT [CIJ TJ gives the probability

of úJT in the space of events NT, that is

/201/ V CAJT o !$ DT [cJTJ~l
and

/2.2/ V'T C
~eNT

DT [W T] = 1.

Furtherwe suppose
ft'

/2.3/ C DT+l [c..)TViJ =
i=l

DT [CA.) T] .

.
#

Instead of DT[WT] we use the marking D[úJT] o

Denote the set of D's satisfying the conditions /201/, /2.2/

and /2.3/ by J).

In this lecture we use 6 simple bahaviour model: homo-

geneous [6J,CYCliCal [6], random [2J, random with step (3] ,

random with repetition [7] and independent [5] ones. Let

HOM, CYCL, RAN, STEP p' HEPp
and IND

p P
denote them.

. ~ 1'...' n
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According to the homogeneous m9del

equivalent, thaL is

the references are

/2.~/
p{rl = ~i}= ~

and rt=rl (t=2 ,3, . . . ; i=l, . . . , n) .

[

This formula is equivalent to the following definition:

/2.5/ HOM[Wk] =

if in c:Jk =rk

)1'1=1'2- {k.=1,2,....

O, ot herwise .

Accordin~ to the cyclical model tlle st ep "i' Vi+l

(~n+l- VI)
has a probability 1, t IIat is

/2.6/
P { 1'1= Vi} = ~

and fl,

P { rt+l= "Vi+l}Lo.

if rt=Vil

if rt~V.~

(t=1,2,...; ,i=l,... ,n).

This formula is equivalent to the following definition:

/2.7/
CYCL [~J=

if in c.Jk from rt=Vi,rt+l='""j

follows ji!i+l (mod n)

O, otherwise.

(t=1,2,.. o).

According to the random model ; the references occur

randomly, that is

/2.8/ p{rt=Vi}= ~ (t=1,2,...; i=l,...,n) o
This formula is equivalent to the following definition:

/2.9/
RAN[úJk] =

1

nk (k=1,2,...,GOkEN~.

According to the random model with repetition the

repetition has a probability

a probability l-Pl :
n-

p, and other references have

I
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/2.10/
f }

{

P' if rt= ..Ji t
P rt= Vi =

l-p .f 1~'

n-l 1 ~ r-IJFVi'

(t=2,l;,.. a; i=l,... ,n) a

This formula is equivalent to the following definition:

Pfl= ~i}

1
= n;

/2.11/ REP ~
]
= 1. f

(

l-P

)

k-f-l

P L k n P n-l (k=1,2,.u) ,

where f is the number of the repetitions in úJk a

Accordingto the randommodelwith step (3] the step

Vi' Yi+l (Vn+l="l in CVk has a pro~'ability p, and
- l-p

other references have a probability n-l:

P { rt = i+t

if rt-l=Yi'

/2012/
P { rl = "i} = ~ ;

if
rt-l ="'1 ,

(t=.2, 3, . . . ; i=l, . . . , n).

This formula is equivalent to the following definition:

/2.13/
STEP p [c.JJ = ~;

r 1 1 f
(
1=E-

)

k-f-l

(STEPLúJ~= naP n-l k=1,2'..1'

where f is the number of the steps-in ~ o

Accordipg to the independent model (5.] the reference

to the page y.
1 has a probability Pi '

that is

/2.14/ P {rt = "\Ii}= Pi - - (t=l ,2,...) a
This formula is equivaleJjt to the following definition:

------

/2.15/ nn f.

IND 1

Pl' . . . 'Pn~k] = id (Pi) J

. w he re - f.
1 is the number of the references to the page Vi ~
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Computer performance is ch&racterized by the number of

operations in a time unit: V.V is called the speed of the

~ computer model and is determined by the formula

12.161 V d~f
1

lim inf
k --+GO

LtNkGJk r[~7:[WI<Lk

.

If in 12.161 we have existance of the lim in addition

to the lim inf, then this limit is denoted by V' .

- QUI' aim is to det ermine the speed for various computer

and program behaviour modelso

3. The mathematical model of computers with paged memory

For the investigation of computers with paged memory we

use the well-known model proposed by Eélády [2] in 19660

2' '" 1 CPU r~ 1MEM I(a~~.AJ-1 BS. I

(D) m pages n pages
,\.

Fig 1. The scheme of a computer with 2 level paged memory.

The computer consists of a central processor unit ICPUI,

an m-paged main memory IMEMI and an n-paged backing store

lESI. The CPU has direct access to 1ffiM-accesstime ~l-

while an indirect access to ES-access time Al+~2o The

paging is controlled by a demand paging algorithm.

of demand paging algorithms is denoted by ~ .

[s]

The set

For this model the speed Vp
is
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/3.1/ v =
p

1

~l + 1::.2 .
,c

where c L:i the average co st of a reference, that is the

page fault pl'obabili ty [5]. By defini tion

~k(D~l
/j.2/ c = C(m,n,A,D) = lim supk~oo

k

L:&i
i=l

),k

and St is the set of pages in r/iEMat time t. St is called

the memory state. If in /3.2/ there exist a limit, then it

is denoted by C' .

4. General assertions on the speed of computers with

paged memory

Lemrna 1.

([7]).If
61> O ,.and

l~ m<n<40, then

/L~.l/ O = c(m,n,A,HOM)E:c(m,n,A,D)~ C(m,n,LRU,CYCL)= 1,
that is for the speed

Y p(Al' A,2 ,m,n ,LRU ,CYCL)~)

/4.21 . lLl ~~l'A2Im,.n'A,D)" Vp(Ll1'Ll2Im,n,A,HOM)=1+ 2

= 1

31

~.

holds.

Definition 1 {~]}The demand paging algorithms, for which

where A *, D 6 :P)

r. e. St.

rif

l

/3.3/ $.

= S (i,m,n,WT)A) = 1, if
ri + $t)

. l
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/L)..3/ VT1 ,V T.2

T TlC cf (i,m,n, WT lA) = ~J(i,m,rflr1cJT2'A)1=1 1

a1'e called sequential [6J. The set of the sequelltial algorithms

i;3 denoted by :f>. PLemma 2. If 14i mC:n~óO, then for every BE~ e.~d "for every D€

/1+.4/ C. -E,=lim inf C l D[""' l lcf k ~ C(m,n,B,D)~
1n- k---'Q) '~IR \. {:.

~lim sup ~ NIC r(wkJcfk .
1\ ~eo úJk

D6P and N~ (k=1,2,...; N~- Nk) be

ak the swn~~ D[c.JJ. If

Let

"

DefÜÜtion 2.

given. Denote

/4.5/ lim
k -.00 ak = °,

then we shall say, that the sequence

denBity in Nk.

NIC
+ has zero limit-

LellJilla
i.([?]).If for agiven

Pl,.", Pm
'\1(,.)k

D there exist an m-tuple of

/ i).. 6/

and E,,. O, for VIThi ch

D [GJkV i] ~€. D [ÚJ ~ holds,then
has zero limit-density in Nk, where

page s

the sequence Nk
+

~

Nk+ is the set of ~k~Nk , for which IStl=ISt(m, Wk)B)/<m.

Defin:Ltion 3 o Let c..JT be given. The sequences of length

/T+f/ /f=O,l,.../ identicalto WT up to the T-thele-

ment, are called the bundle ~f [C..J T] wi th root GJT and
length f .

Definj.tion 4~ The average cost of a references

~f~TJ is by de:Cinition

ciJr in a gi-

ven bundle

/4..7 / c=c'J[' /m,n,:,D, WT/ = lim ~ D["" J Jk
k~~~6~-T[~J

.
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1-1-.8I
D$(CC.Jkl D [ C.J kl .

= TI' ["'leJ

D [wT]

.

Lemma4. ([7J). Let N~ denote the set of 4Jk'-8 not belonging
to any bundle, which has a cost CTr. If the sequence Nk+

Ik=1,2, o o ol has a zero lirnit density in Nk, then c(m,n,B,D)
C'!re .exists and is

5. rrheorems on the speed of computers wi th paged memory

Theorem A IBélády, 19661 [2J. If L is a nonlookahead

demand paging algorithm, then

15.11
~

C (m,rn,t..,HAliJ)= ~ n'\
.

I-

I

Theorern B IAho, Denning, UL1man,
19'711cn). Ifn

L~~i=m

1~ m<n<M,

then

/.5.2 I

n

C'(m,n,oPT,nm) = L Pil=m

CPi
l=m

J

mere OPT is t:1e optimal paging alc;orithm, always replacing

the page of St with minimal Pi [5] .

Theorem C. ISto;yan, 1975/tsJ). If 1 ~ m<n<oo ,
then

I 5.3 I C' (m, n ,.REFa' RAN) =

n - m
n + a la=O,l,..o,m-l/,

where REF is a lookahead algorithm, which knows a referencesa

:It
where

D [J is the probabilityof sequence (.c)k

(cJl € Jlk-'r [ W rr]) within the bundle, that is
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ahead, and bolds required: ages in the IileliLor.yif jJos:3ible,

and chooses randomly alllung the others.

TheOI'em 1([7]).H
1~ m '" n <tK> ana Ol$8E m, th~n

C'/m ,n , llliF .f?EP /.=
a' P

15.Lj.. /
In-ml ll-pl

,

n-l +Eün/a,ru-l/] /l-p/tax/o, a-m+l~-m! ~~=r~:=~)./l-P/

Theorems A and c [ollow from the0reffi 1 jin cases

a=O,
1

P=n and O~a~m-l, p_l /lJ .

Theorem 2. ([7J).rr l~ m< n<... , l.he~ ;

/5.5 / C' (m,n,PPb ,RAN)= n~m (n~l~ ' /b=O,1, / ,

where PPb is a lookahead algorittun,which knows at time t

the next b references,differingfrom rt and each other,

and hold these page~~ if possible,in the memory,and chooses

randomly among the others.

In case b=l, m=2, n=3, it follows from theorem 2

the partial resolution of the problem, investigated by

Bélády in 1966, name ly C'(2,3,MIU,L-iAH) = ~. .

Theorem 3([7])If
lE' m-<n<ao and a ~ °, then

/5.6 /

c , / 2 A IillF REP / =,/, a' p

l-p= .
2+ [min/a, 1/] /l-p/+sign[max/o, a-ll] p/l-pa-l /

From this theorem it followsjin the case a~oo, when
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REF ~a ]'.1IN / , that

,-

I-
I
I

/5.7 / c ' /2 , 3 , LUN,EEP / = 1-:- pp 3 .

I

Ir
I
I-
I:

6. MathemuLical model of computers with interleaved
,

memor;y

!lj

II

~ "

We investigate the following model of com~uters with

V .E.VulibJnan ~O]:

t ~Oa

interleaved memory due to

Tb~ta

Fig..2. Scheme of computers with interleaved memory"
Ic

fl'hecomputer' consists of a central processor unit /CPU/

and modules of memory ~l'.." ~r . 'lIheset of modules is, de-

noted by B. 'l'heelements of WT are generated by the CPU

requireing t ~ Oa '? time per element. A request to a module

resérve thatmodule for a time
Tb ~ ta during this time other \.

request can't be served by this module. If the module being

requested is occupied, then the generation of eJT will be

r---
suspended until the module isfree.

The speed of this model is denoted by V.
1

o

I
I 7. General assertions on the spead of computers with interleaved

me~ory

Hellerman in his book [6], Bokova and Tzaturyan in their
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paper (1~ proved the fol1owing assertions.

r

Lemma 5 ([6] )
.If

r~1
Tb > ta ~ °,

then for p.'1!ery Dé.p end f10r every

/7.1/ rr l = V!/t ,rl'b ,r,HOM/ ~ V./t ,Tb,r,D/~v l!/t. ,Tb,r,CYCL/=
b J- a 1 a . a

1. Tb'
= T mlD /1",~- /b a

,

where HOM and CYCL are the homogeneous end cyclic'al beha-

vfour model.

Definition 50 Let t!i /~o=O/ denote the processing time

of WT up to i-th 'eIement.'rhenthe increment due to the

i-th element is J
c.'=1. _l/J. 1 .

1 Ji-

Example-! Fbr every ~e N2

r r ( ef

{

Tb'
/7.2 / d 1 = Tb +t81 2 =

ta'

Lemma 6. (~g). If
Tb> ta ~ °,

t

/7. 3/ lim inf
k~Q)

1

D [wk] dk
~ Vi/ta,Tb,r.L I

5kle

~ lim sup
k-+oc.

} k~Nk 1 D[CUk] Ji:
I

I

I

l

I

Lemma 7. ([1~). If
T 't" t" ::r,Ob' a' aT' then

/7.4 / V.
1 ( t~, Tb,1"~D) ~ Vi (t~' , Tb,1",D).

Lemma8. (I!-g). If Tb" ta~O, and 1"',>1"" , then

if
1"2=1"1

if
1"211"1 .

then
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17 o 5 I Vi/ta,Tb,r',D/ ~ Vi/ta,Tb,r", D /
.

8. Theorems on the speed of computers with .inteI'leaved

memory

Theorem 4o([7]).If Tb> ta~O, then
,

Vi Ita,Tb,r,RMf/~

for r~l

17.6 / ~;
--1

t ~ ~P. .+~r p. r-1 {max(ta.Tb-k.ta) .é~
)]aL L. 1,J 1,1 \ . J=k+lJ

i=l j=2 i= k=O .

and the equality holds ~

In the formula /7.6/

1'/1'-1/ Q.. /1'- .i + 1/

/'7o7 / Pi = i+lr
i /1 ~i:Et r/,

and
4'

Pi
/7.8 I

l'

L i.Pi
i=l

/1 ~i' 1', 1 ~ j " i/ .Pi,j -:

The following corollaries follow from theorem4- as special

cases.

Corollary 1
/Hellerman, 1967/ (@l).If

t = Oa and l'~l, then

al if t =0, then for l' l;
Ta

bl if b then for r 1;2taETb'

Tb
c/ if

O < t a<2."'
then for 1'=1,2.
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.
I ~

I

L

~I

1"

/'7.9 /

r

Vi /0,1'b,r,RAN/ = -i-- L i.Pib . 11=

Burnett, Coffman [3] and Stone ~~
assertiono

proved a more general

Theorem D
/Burnett, Coffrnan, Stone, 19'74/ @' 1:].
If t = ° and r ~ 1, thena

I

,.

Vi /O,Tb,r,STEPp/ =

/'7.10 / r k-l k-j-l
1 \' C f1 )

"":,-/..1- )= 1]\ L t;l p,J -Cn-l . . Cn-j, k-j I
k=l j=O .

where

/7 .11/
~

~

.

(
k-l

)
'

]Cn,k =W (-l)J j' /n-j-l/ /n-j-2/ ... /n-k+l/' "
J=O

COI'ollary 2. If
l' b

:2 ~ t a ~Tb and r ~ 1, then

/'7. 12 / V!/t ,T b ,r,RMq/ =1 a

1

1 lr--~-
(
1--1 ) tr b r a

r
,

Corollar;y:
7-
2.! If

Tb~ta~O, then

/'7.13/Vt/ta,Tb,2,RAN/ :::

1

~-ta~-1 Tb+ ~ max /ta,Tb-ta/

<,

Corollary 4. If Tb ~ta'~O and r." 1 , then

/7. 14 / \Ii /ta,Tb,I',RAN/~
1

;--Tb + (1- ~) ta

o

.,

On the base of the formula /7. "9'/ it is not easy to

therefore the followingestimate the order of Vi/O,Tb,r,RAN/,
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theoroms are intorestingo

Theorem E. /Hellerman,1967/ ([6]). If

/7015/ 0,960rO,56~Vi/0,rrb,r,RAN/.c1,04.rO,56

Theorem Fo /Vu1ihman, 1972/ ([10])0 If r~l, then

/7.16/ Vj/o,Tb,r.RAN/~(V2nr,) ..L .Tb

1~rEl+5, then

.

We proved the fo110wing more general theoremo

Theorem 5. ([1~)
. If ta=O and r '~l, thr.!h k

~ , , 5'""'"'! r

~ )

~~ r'kdjk!

/7 o 17/ T1 V1E. r I -1 <V! / ° , Tb' r, RAN/= -

b L 1 Tbor ~+~.

In our paper [7J we used a simple direct proofo Using a

resu1 t due to G. Szego [l~ we can proof a formula wi th a

sma11er additive constan t, which is exaot.

Theorem G. /Szego, 1928/ ([1:LJ]). If

ger number, then

q is a nonnegative inte-

/ 1 q .L ~ ~ ~,/7018 2 e = 1 + 1, + 2 ' + ... + ,'~,.. q. q

where & = 12 and f7 tends monotonica11yto ~ as
O' q :J

q-+oo .

'Theorem 6. If t =°
a

and r ~1, then

where Pr

/7.20/ Pl = ~ -~=0,08 and P2= 1~ Jfi[S::0,06o

It seems a hard but resolvab1e problem to estimate the or-

/7019/

der of expression in Coffman's theorem, as a function of po

Vi/O,Tb,r,RAN/ =
-1

+ Pr) ,

3

tends monotonica11yto zero as roo and
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