Komputeralgebrai algoritmusok

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak.

» 1. Torténet

» 2. Algebrai alapok

» 3. Normal formak, reprezentacio
> 4. Aritmetika

» 5. Kinai maradékolas

V¥ 6. Newton-iteracio, Hensel-felemelés

> restart;

V E 6.1. Példa.

> ‘mod’ :=mods; p:=97; u:=-272300; uO:=u mod p; ul:=Cu-u0)/p mod
P;
u2:=(u-Cu0+ul*p))/pA2 mod p; u-(uO+ul*p+u2*pA2);
mod := mods

p:=97
u:=-272300
uf:=-21
ul:=6
ul:=-29
0 (6.1.1)

V E 6.2. Példa.

> p:=5; u:=14*xA2-11*%x-15; u0:=u mod p; ul:=Cu-u0)/p mod p;
u2:=Cu-Cu0+ul*p)) /pA2 mod p; u-(uO+ul*p+u2*pA2);
p:=5



ui=14x-11x—-15
u0:=-x" — x
ul:i=-—2x —2x+2
u2:=x"—1
0 (6.2.1)

V E 6.3. Példa.

> u:

u:="u'; a:=36*%*xA4-180%*xA3+93*xA2+330%x+121;
F:=a-uA2; Fp:=diff(F,u);
u:=1u

a:=36x*—180x° +93 X +330x+121
F:=36x"—180x +93x°+330x+121 -
Fp:=-2u (6.3.1)

> a mod p;
o2 +1 (6.3.2)

> u0:=xA2-1; u[l]:=u0; d:=subs(u=u[l],Fp);
u0:=x>—1
Ufzﬁ—l
di=-2x+2 (6.3.3)
> ul:=-expand(subs(u=u[1l],F)/p); ul:=Quo(ul,d,x) mod p;
ul:=-7x'+36x —19x* — 66 x — 24
ul:=x"+2x—2 (6.3.4)
> u[2]:=u0+5*ul; u2:=-expand(subs(u=u[2],F)/pA2); u2:=Quo(u2,d,
x) mod p;
uy=6%—ﬂl+10x
u2:=12x—5x —-22x
u2:=-x (6.3.5)
> u[3] :=u0+5*ul+5A2*%u2; expand(subs(u=u[3],F));
uy:6%—ﬂl—15x
0 (6.3.6)

V E 6.4. Példa.

> p:=5; "mod :=mods;
A1 =XA4+XAZHYA2-XA2¥YAG4 XA2%y*Z+ 2% XA2%Z=2%XA2-2%X*YA3*Z+X*yA2%
Z-X*YA2-yA2%ZA2+y*2zA2-y*z+2A2-2%2+1 mod p;



a:=collect(a,[y,z], distributed’); sort(a,[y,z],tdeg);
F:=a-uA2; Fp:=diff(F,u);
p:=5
mod := mods

cx:f+x%;—£ﬁﬂ+£yz+2£z—2ﬁ—?xﬁz+xﬁz—xﬁ—q;£
+yf—yz+f—22+1

cﬂ=f—2x1+1—2xfz+xfz—y%g+yf+(f—4Jyz+(2%—2)2
+(x+2) Y+ 2 -

ﬁ@f—ﬂxy%%1;f+xfz+yf+ﬂw+fﬂf+(£—&)yz+f
+(28-2)z+x—2x+1

F:—fyﬁ—foz—y5¥+xfz+yik+@x+f)f+(£—d)yz+f
+(2X¥-2)z+x—2X+1-1P

Fp:=-2u (6.4.1)
> subs(y=0,z=0,a); u[l]:=xA2-1;
X*—2x+1
u1:=x2—1 (6.4.2)
> d:=subs(u=u[1],Fp) mod p;
di=-2x+2 (6.4.3)

> FF:=expand(subs(u=u[l1],F)) mod p;

FF:=collect(%,[y,z], distributed’);

sort(%, [y,z], tdeg);

u2:=0; u3:=-Quo(2*xA2-2,d,x) mod p;

du[2] :=u2*y+u3*z; ul[2]:=u[1]+du[2];
PF:—%}A—Zxfz—y%£+xfz+yitﬂmz+f%;+£yz—yz+f

12X 2722
PF:—foz+xfz—y%£+yf+(£—JJYZ+(2£—2)Z+Qﬁ
FX0) 42—y
ﬁ@f—foz—y%£+xfz+yf+ﬂ«+£)f+(ﬁ—lbﬂ+22
+(2x-2)7
u2:=0
u3d:=1
du, =z
ug=£—1+z (6.4.4)

> FF:=expand(subs(u=u[2],F)) mod p;
FF:=collect (%, [y,z], distributed’);
sort(%, [y,z],tdeg);
u22:=-Quo(xA3-x,d,x) mod p; u23:=-Quo(xA2-1,d,x) mod p; u33:=



-Quo(0,d,x) mod p;
du[3] :=u22¥%yA2+u23*y*z+u33%zA2; ul[3]:=u[2]+du[3];
FF:Z—X2y4—2X)/SZ—);ZZ+X);Z+)/ZZ—X);+X3);+X2)/Z—)/Z

FF==2xy 24+xy 2=y 2 +yZ + (8 =1)yz+ (x+X) /=¥y
_X2Y4—2X)ﬁ2—);ZZ+X);Z+yZZ+(—x+x3));+[x2—1)yz

u’22:=-2x
ul3.=-2
u33:.=0
d%;?QXf—ZyZ
u§=£—1+z—2xf—2yz (6.4.5)
> FF:=expand(subs(u=u[3],F)) mod p;
FF:=0 (6.4.6)

V E 6.5. Példa.

> p:=5; m:=p; a:=xA3+10%xA2-432*x+5040; a mod p; u:=x; w:=xA2
e?;expand(a—u*w);
p:=>5
m:=5
a:=x>+10x° —432x+ 5040
X —2x
u:=x
wi=x>—2
e:=10x" —430x + 5040 (6.5.1)
> Gcdex(u,w,x,'s','t') mod p; s; t;
1
-2 X
2 (6.5.2)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=2 X —86x+1008

GI=X+2X —X

Ti=xX—2x+1 (6.5.3)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
p;
o:=x—1
X+ 2

t:=1 (6.5.4)



> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);

m:=m*p;
Uu:=x-+>5
wi=xX —7 45X
e:=-450x+ 5075
m:=25 (6.5.5)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=-18x+203
oi=xX —X
Ti=-Xx+1 (6.5.6)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
. ci=-X+2
1
ti=1 (6.5.7)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
e u:=x+30
wi=x" +43 —20x
e:=125x+3750
m:=125 (6.5.8)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=x+30
oi=-2x
Ti=2X (6.5.9)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
. o:=1
-2
7:=0 (6.5.10)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
e u:=x+30
wi=x +168 — 20 x
e:=0
m:=625 (6.5.11)

V E 6.6. Példa.



> p:=5; m:=p; a:=xA4+1; a mod p; u:=xA2+2; w:=xA2-2; expand(u*
w) mod p;
e:=expand(a-u*w) ;

p:=>5
m:=5
a=x"+1
X1
ui=x>+2
wi=x —2
X1
e:=5 (6.6.1)
> Gcdex(u,w,x,'s','t') mod p; s; t;
1
-1
1 (6.6.2)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
ci=1
o.=-1
t:=1 (6.6.3)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
a o:=-1
0
t:=1 (6.6.4)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
m:=m*p;
u=x+7
wi=x—7
e:=50
m:=25 (6.6.5)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=2
o:=-2
Ti=2 (6.6.6)
> sigma:=Rem(sigma,w,x,'q’') mod p; q; tau:=expand(tau+q*u) mod
. o:=-2
0
Ti=2

(6.6.7)



> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);

m:=m*p;
ui=x>+57
wi=x —57
e:=3250
m:=125 (6.6.8)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=26
o:=-1
t:=1 (6.6.9)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
. o:=-1
0
t:i=1 (6.6.10)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
m:=m*p;
u:=x"+182
wi= x> —182
e:=33125
m:=625 (6.6.11)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=53
o:=2
Ti=-2 (6.6.12)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
P o:=2
0
Ti=-2 (6.6.13)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
m:=m*p;
u:=x>—1068
wi= X+ 1068
e:=1140625
m:= 3125 (6.6.14)

V E 6.7. Példa.



>

>

>

>

>

p:=5; m:=p; a:=expand((2*x+5)*(6%*xA2-10*x+7)); a mod p; u:=2%
X; Wi=XA2+2;
e:=expand(a-u*w) ;
p:=>5
m:=>5
a:=12x+10x*—36x+35
23 —x
u.=2x
wi=x>+2
e:=10x° +10x° —40 x+ 35 (6.7.1)

Gcdex(u,w,x,'s','"t'") mod p; s; t;
1

X
-2 (6.7.2)
c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c=2X+2x¥—8x+7
ci=2x+2xX +2xX+2x
=X+ X +x+1 (6.7.3)

sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
p;

o:=-2x—1
2X+2x-2
Ti=2x+1 (6.7.4)

u:=expand(u+tau®m) ; w:=expand(w+sigma*m); e:=expand(a-u*w);
m:=m*p;
u:=12x+5
wi=x—3—-10x
e:=125X% +50x+ 50
m:=25 (6.7.5)
c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
C=5X +2X+2
c:Zx?+2x
T:=Xx+1 (6.7.6)
sigma:=Rem(sigma,w,x, 'q') mod p; q; tau:=expand(tau+q*u) mod

P;
o:=2x+1

2
Tt:=1 (6.7.7)



:=expand(u+tau*m) ; w:=expand(w+sigma*m); e:=expand(a-u*w) ;
m:=m*p;

u:=12x+30
\w:¥+22+40x
e:=-500x> — 1500 x — 625

m:=125 (6.7.8)

> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
ci=-4x—12x—-5
=X —2 X
Ti=2X —X (6.7.9)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
P o:=-2x—1
xX—2
t:=0 (6.7.10)
> u:=e§pand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
e u:=12x+30
wi=x*—103—-210x
e:=2500 X° + 7500 x + 3125
m:=625 (6.7.11)
> C

:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
ci=4x +12Xx+5

c;—f+2x2

Ti=2X +x (6.7.12)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod
P;
o:=2x+1
-X+2
t:=0 (6.7.13)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); e:=expand(a-u*w);
m:=m*p;
u:=12x+30

Wi=x°+522 +1040 x
e:=-12500 ¥ — 37500 x — 15625

m:= 3125 (6.7.14)

V E 6.8. Példa.



> p:=5; m:=p; a:=expand((2*x+5)*(6*%xA2-10%x+7));
a mod p; u:=2%x; wW:i=xA2+2;
alpha:=lcoeff(a); mu:=lcoeff(u); nu:=lcoeff(w);
aa:=alpha*a; u:=alpha*u/mu mod m; w:=alpha*w/nu mod m;
e:=expand(aa-u*w) ;

p:=5
m:=5
a:=12x+10x° —36x+35
2x —x
u:=2x
wi= X +2
a:=12
pni=2
vi=1
aa:=144 x> + 120 x* — 432 x + 420
u:=2x
wi=2x—1
e:=140X° +120x* — 430 x + 420 (6.8.1)
> Gcdex(u,w,x,'s','t') mod p; s; t;
1
X
-1 (6.8.2)

> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=28x> +24x" —86x+84
oi=2x—-xX—x¥—x
Ti=2X +X +x+1 (6.8.3)

> sigma:=Rem(sigma,w,x,'q’') mod p; q; tau:=expand(tau+q*u) mod
p;

o=x—1
—f+2x—1
Ti=-Xx+1 (6.8.4)

> u:=expand(u+tau*m) ; w:=expand(w+sigma®m); m:=m*p;
mu:=1coeff(u); nu:=lcoeff(w);
u:=alpha*u/mu mod m; w:=alpha*w/nu mod m;
e:=expand(aa-u*w) ;
u:=-3x+5

Wi=2X —6+5x
m:=25



ni=-3
vi=2
u:=12x+5
wi=12X —11+5x
e:=-325x+475 (6.8.5)
> c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
c:=-13x+19
G:1=2X —X
ti=-2x+1 (6.8.6)
> sigma:=Rem(sigma,w,x,'q') mod p; q; tau:=expand(tau+q*u) mod

P
c=-Xx+1

1
t:=1 (6.8.7)
> u:=expand(u+tau*m); w:=expand(w+sigma*m); m:=m*p;
mu:=lcoeff(u); nu:=lcoeff(w);
u:=alpha*u/mu mod m; w:=alpha*w/nu mod m;
e:=expand(aa-u*w) ;
u:=12x+30
wi=12x +14—-20x
m:=125
ni=12
vi=12
u:=12x+ 30
wi=12X +14—20x
e:=0 (6.8.8)

> mu:=igcd(coeffs(u)); u:=u/mu;
nu:=1igcd(coeffs(w)); w:=w/nu;

n:i==06
u:=2x+5
vi=2
wi=6xX—10x+7 (6.8.9)

V A 6.1. Algoritmus.

> replace_lc:=proc(a,x,alpha) local aa,aalpha,t;
aa:=expand(a);
aalpha:=lcoeff(aa,x,'t');
aa:=expand(aa-aalpha*t+alpha*t);
end;



replace_Ic := proc(a, X, alpha) (6.9.1)
local aa, aalpha, t,
aarzexpand(a)
aalpha := Icoeff(aa, x, 't');
aa:= expand(aa — aalpha*t + alpha*t)
end proc

> UnivariateHensel :=proc(a,ul,wl,x,p,B,gamma)
local aa,alpha,e,u,uu,w,ww,m,s,t,q,c,sigma,tau;
aa:=expand(a); alpha:=l1coeff(aa); aa:=gamma*aa;
uu:=expand(ul); uu:=uu/lcoeff(uu)*gamma mod p;
ww:=expand(wl) ; ww:=ww/1coeff(ww)*alpha mod p;
Gcdex(uu,ww,x,'s','t') mod p;
u:=replace_lc(uu,x,gamma) ; w:=replace_lc(ww,x,alpha);
e:=expand(aa-u*w); m:=p;
while e<>0 and m<2*B*gamma do
c:=e/m; sigma:=expand(s*c) mod p; tau:=expand(t*c) mod p;
sigma:=Rem(sigma,ww,x,'q') mod p;
tau:=expand(tau+q*uu) mod p;
u:=expand(u+tau*m) ; w:=expand(w+sigma¥*m) ;
e:=expand(aa-u*w) ; m:=m¥*p;

od;
if e=0 then
u:=u/igcd(coeffs(u)); w:=w/igcd(coeffs(w));
[u,w];
else FAIL fi;
end;
UnivariateHensel .= proc(a, ul, wi, x, p, B, gamma) (6.9.2)

local aq, alpha, e, u,

uu, w, ww, m, s, t, q, ¢, sigma, tau;

aa:= expand(a);

alpha := Icoeff(aa);

aa .= gamma* aa

uu := expand(ul );

uu := mod(uu* gamma / Icoeff (uu), p);
WW .= expand(wl);

ww = mod(ww*alpha / Icoeff (ww), p);
mod( Gedex(uu, ww, x, 's',

'), p);

u:= replace_lc(uu, x, gamma );

W= replace_lc(ww, X, alpha);

e = expand(aa — u*w);

m:=p,



whilee<>0 and m < 2*B*gammado
c:i=e/ m
sunna::rnod(expand(s*c),p);
tau := mod(expand(t*c), p);
sigma := mod(Rem(sigma, WW, X, 'q'), p);
tau := mod(expand(tau + g*uu), p);
u:= expand(u + tau*m);
w:= expand(w + sigma*m);
e = expand(aa — u*w);
m:=m*p

end do;

ife = 0 then
u:=u/ igcd(coeffs(u));
w:=w/ igcd(coeffs(w) );
[u, w]

else
FAIL

end if

end proc

V E 6.9. Példa.

> debug(UnivariateHensel); debug(replace_lc);
UnivariateHensel
replace_Ic (6.10.1)

> UnivariateHensel (a,2%x,2%xA2-1,x,5,10000,2);
{--> enter UnivariateHensel, args = 12%*xA3+10%*xA2-36%x+35,
2%x, 2*xA2-1, x, 5, 10000, 2

aa:=12x +10xX —36x+35

oa:i=12
aa:=24x>+20x¥ —72x+70

uu:=2x

uu:=2x

ww::2x2—1
wwi=2x"—1
1

{--> enter replace_lc, args = 2*x, x, 2
aa:=2x



aalpha := 2

aa:=2x
<-- exit replace_lc (now in UnivariateHensel) = 2%x}
u:=2x

{--> enter replace_lc, args = 2*xA2-1, x, 12
aa:=2x—1
aalpha := 2
aa:=12x" -1

<-- exit replace_lc (now in UnivariateHensel) = 12%xA2-1}
wi=12x—1

e:=20x —70x+70
m:=5
c:i=4x —14x+14
o=+ X —X
Ti=xX—x+1
oi=X—2
t:=1
u:=2x+5
wi=12X¥ —1145x
e:=-50x —75x+125
m:=25
ci==2x—-3x+45
Gi=-2X 42X
T1=2X —2x
c:=-Xx+1
t:=0
u:=2x+5
wi=12Xx +14—-20x
e:=0
m:=125
u:=2x+5
wi=6xX—10x+7
[2x+5,6x°—10x+7]

<-- exit UnivariateHensel (now at top level) = [2*%Xx+5, 6%*
XA2-10%x+7]}
[2x+5,6X¥—10x+7] (6.10.2)



V E 6.10. Példa.

> p:=5; 1:=1; a:=xA2%yA4%z-xX*yAQ*ZA24xX*y*ZA34+2%X-yAG6*ZA4-2%yA5*
zZ,
subs(y=1,z=1,a) mod pAl;

p:=>5
I:=1
a:=x2y4z—X)922+xy23—|—2x—y624—2ygz
X4+ 2x+2 (6.11.1)
> u[l]:=x-2; w[l]:=x-1; expand(u[1]*w[1]) mod pAl;
u:=x—2
wpi=x—1
X4+ 2x+2 (6.11.2)
> aa:=expand(subs(y=Y+1,z=Z+1,a)) mod pAl;
A:=2 42X+ X - Y- Z+ XYV ZI- XY Z+ XY ZI-XYZI+YZ (6.11.3)

XYV XY+ Y X Y+X¥Z-Z-YV 7
Y Z- Y- Y Z-YZ4+2xY+XZ+xY —xY
42X —xYV ' xY +xY—xY +xV¥—xYV+YZ2+x 72
2Y Y+ Z+2xYVPz-2xYVZ-xYZ-2xYZ
42XV Z—xY ZZ-2xY Z4+xY° 7
+2xYZ-xYZ-2xY Z-xYV' 7
XY 22 XYV —xYZ -2xY' Z+xYV 2 +xYZ2+Y -V 7
+YZ2-vyZA-ZA-Y 2
> collect(aa,[Y,Z], distributed’): aa:=sort(%,[Y,Z],tdeg);
aa:=—xY Z - 2xYZ+xYZ Y7 —xY+2xV¥z7—xY 7 (6.11.4)
+YZ2 - Y Z2+xY¥-2xY 72+ (x-1)YZ+Y 2 —xY +(2x
+1)YZ+((1-x)YZ+(x-1) Y+ (2x-1) Y Z—xV' 7
+C«+2)f+(f—2x)fZ+xY%?—Yf+(f—x)¢
+2x=X) VP z2-xVZ2+(x+1) Y2 -2+ (¥ +x) ¥
+(£—2x]ﬁZ+(&—w)Yf+(x+1)f+(£—w)ﬁ
+ (1= vz+(142x) 2+ (X +2x-1) v+ (P -1+x)Z
F2X4+X+2

> aa:=subs(Y=y-1,Z=z-1,aa) mod pAl;
ul7] :=(x-2)+(-x+D)*(y-D+(x-2)*(z-D) +x*(y-1) A2+ (-x-2) *(y-1)*
(Z-1)+(-2)*(Z-1) A2+ (~X) * (y-1) A3+x* (y-1) A2% (2-1) + (-2) * (y-1) *(z
~1DA2+(z-1)A3+x*(y-1) A4+ (-x) *(y-1)A3*(z-1) +(y-1) *(z-1) A3+x*(y
-1)A4%(z-1) mod pAl;



WE:]:=(x—1)+(—1)*(2—1)+(—1)*(y—1)A5+(—1)*(y—1)A5*(z—1) mod
mx12;2x%43+2x(y—1ﬁ(z—1)+x(y—1ﬁ(z—1y+(x

+1) (y=1) (z=1P —x(y=1) +x(y—1)° —x (y—1)"

+(x=1) =1+ (x+2) (=1 + (¥ =x) (y=1)*+ (¥

-+ﬂ(y—lﬁ+(f—w)OEJJ?+G£+QX—1)UFJJ+[£—1

4—x)(z——l)—k(—1+—2x)(z——l)z——(y——1)6(z——1)4

+(y—=1)(z=1P-(y-1) (z—1)*

+(y-1(z-1P-(-1) (z-1)*+(x+1) (z—-1)° - (z—1)*

+(1-¥) -1 -1+ Kx-1) (y-1)°(z-1)*

+(2x=2)(y-1P(z-1) —x(y-1)°(z—1)?

—2x(y=1)(z=1) —x(y—-1)" (z=1)*-2x(y—1)" (z—1)

+—(2x%—1)()h—1)6(z——1)—k(—1——x)(y——l)s(z——l)z

+(2x-1) (y=1) (z=1) —x(y—1)*(z—1)°

+ (XZ—ZX) (y—1)4 (z—1)

+x(y—=1)(z=1)* =x(y—1)*(z—1)*

+(¥-2x) (-1 (z-1) + (-1 -x) (y—1) (z—1)?
uf:x—2+ﬂw+1)bbd)+(x—2)&>d)+x(y—1y

+(x-2)(y-1)(z-1)-2(z-1)°-x(y—-1)°

+x(y—1)(z=1)-2(y-1) (z=1)*+(z—1)°

+x(y-1)*'-x(y-1)(z-1)+(-1)(z-1)

+x(y—1f(z—1)

W, i=X—Z— (y—l)s— (y—l)S (z—1) (6.11.5)

> expand(u[7]) mod pAl; expand(w[7]) mod pAl; expand(aa-u[7]*w

[71) mod pAl;
2+xfz+y?

X—y z
0

(6.11.6)

V A 6.2. Algoritmus.

> MultivariateDiophant:=proc(a,c,E,d,p,k)
local sigma,r,nu,i,A,aa,b,cc,EE,e,monom,m,x,y,ee,cm,ds,
alpha;
r:=nops(a); nu:=nops(E);
if nu>1 then
x:=0p(1,E[nul); alpha:=op(2,E[nul);



A:=mul(a[i],i=1..r);
for i to r do b[i]:=A/a[i] od;
aa:=subs(E[nu],a);
cc:=subs(E[nul,c);
EE:=E[1. .nu-1];
sigma:=MultivariateDiophant(aa,cc,EE,d,p,k);
e:=mods (expand(c-add(sigma[i]*b[i],i=1..r)),pAk);
monom:=1;
for m to d while e<>0 do
monom: =monom* (x-alpha) ;
ee:=diff(e, [x$m]);
cm:=subs(x=alpha,ee)/m!;
if cm<>0 then
ds:=MultivariateDiophant(aa,cm,EE,d,p,k);
for i to r do sigmal[i]:=expand(sigma[i]+ds[i]*monom)
od;
e:=mods (expand(e-add(ds[i]*monom*b[i],i=1..r)),pAk);
fi;
od;
else
x:=E[1];
sigma:=[0%$i=1..r];
for m from 0 to d do
cm:=coeff(c,x,m);
if cm<>0 then
ds:=UnivariateDiophant(a,x,m,p,k);
for i to r do sigma[i]:=expand(sigma[i]l+ds[i]*cm) od;
fi;
od;
fi;
map ((x,y)->mods(x,y) ,sigma,pAk) ;
end;
MultivariateDiophant := proc(a, ¢ E d, p, k)
localsigma, r, nu, i, A, aaq,
b, cc, EE, e, monom, m, X, y, ee, cm, ds, alpha;
r:=nops(a);
nu:= nopS(E);
if1 < nu then
x;=0p(1,E{nu]}
alpha := op(2,
E[nu]);
A:=mul(ali],i=1.r);
foritordo
bli]:= A/ alil
end do;

(6.12.1)



aa:= subs(E[nul, a):
cc:= subs(E[nu], ¢);
EE:=E[1.nu —1];
sigma := MultivariateDiophant(aa, cq, EE d, p, k):
e := mods(expand(c — add(sigmali]*bli], i=1..r)), pAk);
monom:=1;
formto dwhilee<>0do
monom:= monom* (x — alpha);
ee:=diff(e, [ *$ (x, m)]);
cm := subs(x = alpha, ee) | factorial(m);
ifcm<>0 then
ds:= MultivariateDiophant(aa, cm, EE, d, p, k):
foritordo
sigmal i] := expand(sigmal i] + ds[ i]* monom)
end do;
e := mods(expand(e — add(ds|i]* monom*blil, i=1..r)),
pAKk)
end if
end do
else
x:=F [ 1 ];
sigma:=[ " $ (0,
i=1 ..r)];
formfromOtoddo
cm = coeff(c, x, m);
ifcm<>0 then
ds:= UnivariateDiophant(a, x, m, p, k);
foritordo
sigmal i] := expand(sigmal i] + ds[i]* cm)
end do
end if
end do
end if;
map(proc(x, y)
option operator, arrow,
mods(x, y)
end proc, sigma, pAk)
end proc



V A 6.3. Algoritmus.

> UnivariateDiophant:=proc(a,x,m,p, k)
local 1i,sigma,r,s,R,q;
r:=nops(a);
if r>2 then
s:=MultiTermEEATlift(a,x,p,k); R:=[];
for i to r do R:=[op(R) ,mods(rem(xAm*s[i],a[i],x),pAk)]
od;
else
s:=EEAlift(a[2],a[1l],x,p,k);
q:=mods (quo(xAm*s[1],a[1],x),pAk);
R:=[mods (expand(xAm*s[1]-q*a[1]1),pAk),
mods (expand(xAm*s[2]1+g*a[2]) ,pAk)]1;
fi; R;
end;
UnivariateDiophant := proc(a, X, m, p, k) (6.13.1)
locali, sigma, 1, s, R, g
r:=nops(a);
if2 < rthen
S:= MultiTermEEAlift(a, X, b, k);
R:=[];
foritordo
R::[op(R),nunk(nﬂn(xA1n*S[ﬂ,a[ﬂ,x),pAk)]

end do
else
S:= EEAlift(a[Z], al1], x, b k):
q:zinodk(quo(xArn*S[l],a[l],x),pAk);
.R::[rnodb(expand(xArn*s[l]—-q*a[l]),pAk),
rnodb(expand(xArn*s[2]+—q*a[2]),pAk)]
end if;
R
end proc
> MultiTermEEAlift:=proc(a,x,p,k) local 1i,r,s,beta,sigma;
r:=nops(a); s:=[0%$i=1..r];
s[r-1]:=al[r];
for i from r-2 by -1 to 1 do s[i]:=expand(a[i+1]*s[i+1])
od;
beta:=1;

for i to r-1 do
sigma:=MultivariateDiophant([s[i],a[i]],beta,[x],0,p,k);

beta:=sigma[l]; s[i]:=sigma[2];
od; s[r]:=beta;



S,

end;
MultiTermEEAlift:= proc(a, x, p, k) (6.13.2)
localj, r, s, beta, sigma;
r:=nops(a);
s:i=['$(0,i=1.r)];
slr—1]:=alrl:

forifromr — 2by —1toldo
Sh]h=expand(a[i+1]*s[ﬁ+1])

end do;

beta:=1;

foritor — 1do
sigma := MultivariateDiophant([s[i], ali]], beta, [x], 0, p, k);
beta:= sigma[ 1];
S[i] = sigma[Z]

end do;

sl r] :=Dbeta;

S

end proc

> EEAlift:=proc(a,b,x,p,k) local ap,bp,s,t,sp,tp,i,m,e,c,q,
sigma, tau;
ap:=mods(a,p); bp:=mods(b,p);
mods (Gcdex(ap,bp,x,'s',"'t"'),p);
sp:=mods(s,p); tp:=mods(t,p); m:=p;
for i to k-1 do
e:=expand(l-s*a-t*b); c:=mods(e/m,p);
sigma:=mods (expand(sp*c),p); tau:=mods(expand(tp¥*c),p);
q:=mods (Quo(sigma,bp,x),p);
sigma:=mods (expand(sigma-q*bp) ,p);
tau:=mods (expand(tau+q*ap),p);
s:=expand(s+sigma*m); t:=expand(t+tau*m);
m:=m*p;
od; [s,t];
end;
EEAIift:= proc(a, b, x, p, k) (6.13.3)

localap, bp, s, t, sp, tp, i, m, e, ¢, g, Sigma,
tau;

apﬁznwdﬂa,p}

bp::inods(b,p);

mods( chex(ap, bp, x, 's',

'), p);



sp:=mods(s, p);

tp:= mods(t, p);

m:=p,

foritok — 1do
erzexpand(l——s*a——t*b}
c:=mods(e/m, p);
sigma := mods(expand(sp*c), p);
tmu:mmk@mmmﬂw*d,
p);
q:= mods(Quo(sigma, bp, x), p);
sigma := mods( expand(sigma —-q* bp), p);
tau := mods(expand(tau + g* ap), p);
s:= expand(s + sigma*m);
t:= expand(t + tau*m);
m:=m*p

end do;

s, t]
end proc

V A 6.4. Algoritmus.

> MultivariateHensel:=proc(a,E,p,1,u,lcl)
local nu,A,1i,x,alpha,U,UU,n,monom,maxdeg,aa,e,ee,co,oco,t,
XX,m,j,c,duU;
aa:=expand(a);
nu:=nops(E); A:=[0%$1i=1..nul; n:=nops(u);
A[nu] :=aa; maxdeg:=-1;
for i from nu by -1 to 2 do
x:=op(1,E[i]); alpha:=op(2,E[i]);
A[i-1] :=subs(E[i],A[i]);
if degree(a,x)>maxdeg then maxdeg:=degree(a,x) fi;
od;
U:=u; xx:=E[1];
for i from 2 to nu do
UU:=U; monom:=1;
x:=op(1,E[1]); alpha:=op(2,E[i]);
for m to n do
if TcU[m]<>1 then
co:=mods(subs(E[i+1..nu],1cU[m]),pAl);
oco:=1coeff(collect(U[m],xx),xx,"'t"');
U[m] : =expand(U[m] -oco*t+co*t) ;
fi;



od;
e:=expand(A[i]-mul(U[j],j=1..n));
for j to degree(A[i],x) while e<>0 do
monom:=monom* (x-alpha) ;
c:=subs(E[i],diff(e,[x$31))/3!;
if c<>0 then
dU:=MultivariateDiophant(UU,c,E[1..1i-1],maxdeg,p,1);
for m to n do U[m] :=mods(expand(U[m]+dU[m]*monom) ,

pAl) od;
e:=mods (expand(A[i]-mul(U[m] ,m=1..n)),pAl);
fi;
od;
od;
if a=expand(mul (U[m],m=1..n)) then U else FAIL fi;

end;
MultivariateHensel := proc(a, E, p, L u, IcU)

localnu, A, i x, alpha, U,
UU, n, monom, maxdeg, aa, e, ee, co, oco, t, xx, m, j, ¢, dU;
aa:= expand(a);
nu:zznopS(E);
A=['$(0,i=1.nu)];
n:=nops(u);
Alnu]:= aq
maxdeg := —1;
forifromnuby —1to2do
x:=op(1, E[i]);
alpha := op(2, E[i]);
Ali—1]:= subs(Eli], Ali]);
if maxdeg < degree(a, x) then
maxdeg := degree(a, x)
end if
end do;
U:=u
xxr:E{lk
forifrom?2tonudo
Uu.= U
monom:=1;
x:=op(1, E[i]);
alpha := op(2, E[i]);
formto ndo
iflcU[m]<>1 then

(6.14.1)



co:= mods(subs(E[i+1.nul, IcU[m]), pAl);
oco := Icoeff (collect(U[ m], xx), xx, 't');
Ulm]:= expand(U[ m] — oco* t + co*t)
end if
end do;
e = expand(Ali] — mul(U[j], j=1.n));
for jto degree( Al il,
x)whilee<>0do
monom:= monom* (x — alpha);
c:=subs(Eli], diff(e, [ *$ (x, j)])) / factorial(j);
ifc<>0 then
dU := MultivariateDiophant(UU, ¢, E[1..i — 1],
maxdeg, p, 1);
formto ndo
Ul m] := mods(expand(U| m| + dU[ m]* monom), pAl)
end do;
e := mods( expand( Al i] — mul(U[ m],
n1=ﬁl"n)),pAl)
end if
end do
end do;
ifa::expand(nnﬂ(U{nﬂ,nqzzlun))then
U
else
FAIL
end if
end proc
> a; factor(a); collect(a,x); coeffs(%,x); gcd(%[1]1,%[2]);
x%ﬁz<mﬁ£+xy?+2x—ﬂ%ﬁ—2fz
ﬂvq;ﬂ(fzx+yf+2)
x2y4z+(y23+2—)/922)x—)/624—2)ﬁz
ﬂﬁf—Zfzyf+2—fQ%fz
1 (6.14.2)
> E:=[x,z=1,y=1]; subs(E[2..3],a);
EE:[X,Zzzl,yzzl]
X +2x-3 (6.14.3)

> debug(MultivariateHensel);
(6.14.4)



MultivariateHensel (6.14.4)

> MultivariateHensel(a,E,5,2,[x-1,x+3],[1,yA4*z]);
{--> enter MultivariateHensel, args = xA2%yA4*z-x*yA9Q%*zA2+

X¥y*zA342%X-yA6*zA4-2%yA5%z, [x, z =1, y = 1], 5, 2, [x

-1, x+3], [1, yAd*z]
aa::x2y4z—xfzz+xyzs+2x—)f’z4—2);2

vi=3
A:=10,0,0]
n:=2

A3:=x2y4z—xy922+xyz3+2x—y624—2ysz

maxdeg := -1

X:=y
a:=1
A2:=xzz—xzz+xz3+2x—z4—22
maxdeg:=9
X:=Z
a:=1

A1:=x2+2x—3
U:=[x—1,x+3]

XX:=X
UU:=[x—1, x+3]
monom:=1
X:=z
a:=1
co:=2z
oco:=1
U,:=3+2zx

ei=XZ+XZ —x—72—27+3+2zx
monom:=z—1
c:=2x—6
du:=[-1, 3]
U:=x—2z
U,:=zx+3z
=X +2x—7'—27z-3zx+37
monom:= (z—1)>?
c:=3x—3
du:= [0, 3]



U:=x—2z
Uz:zzx—32+322+3
e=3XxZ+Xx2 —x—7+2z+3zx-37+37
monom:= (z — 1)3
ci=x—1
du:= [0, 1]
U:=x—z
U2::z><+2+z3
e:=0
UU:= [x—z, zx—|—2+z3]
monom:=1
X:=y
a:=1
C0:=y4z
0Co0:=Z
U2:=2—|—Z3—|—y4zx
e:=—X)ﬁzz+xyz3—y624—2y52—xz3+2Z+z4+y4zzx
monom:=y—1
Ci=5XZ+x2—-672-10z
du:= [—5 z, 23]
U:=x+4z-5yz
Uz::y4zx+yzg+2
e=XY 7 VA -2yz-4y' P x—4y7 -8z4+5y Fx+5y 7
+10yz
monom := (y— 1)2
c:=-10x2—-107"—20z
dU:=[-102z 0]
U1:=x—62—10yz—102y2
U2:=y4zx—|—y23+2
e=xYZ Y2y 246y Ax+6y7 +1224+10y £ x
+10);Z4—5yz+1022)/6x+1024)ﬁ—52);
monom := (y— 1)3
c:=240xZ —10Z' 20z



dU:=[-10z 0]
Ul:=x+4z+10yz—52);—10)ﬁz
U2::y4zx+y23+2
e:=—xyqzz—y624—2ygz—4y422x—4yz4—82—10);zzx—10)224

—I—5yz+522y6x+524)}—!—102);+10xy722+10y4z4—5)}z

monom := (y—1)4

c:=245x7—-57'—10z
dU:=[-52z 0]
Ul::x—z+5yz—102);+10y32—5y4z
U2:=y4zx+y23+2
e:=—X)/gZZ—)/624—2)/SZ+)/4ZZX+)/Z4+2Z—S)/EZZX—S);Z4—IOYZ

+10 2P x+102Y =52y —10xy 2 - 10y 2 +5)V 2+ 5x)P 7
+5);z4+10y4z

monom := (y—l)S

Ci=-XZ—7 -2z

dU:=[-z 0]
U1:=x—)fr‘z
U2:=y4zx—|—yz3+2
e:=0
[x—);z, y4zx+y23+2]

<-- exit MultivariateHensel (now at top level) = [x-yA5*z,
yA4*Z*X+y*ZA3+2]}
[x—);z, y4zx+y23+2] (6.14.5)

» 7. Legnagyobb kozos 0szto

» 8. Faktorizalas

» 9. Egyenletrendszerek

» 10. Grobner-bazisok

» 11. Racionadlis tortfiiggvények integralasa

» 12. A Risch-algoritmus.






