Komputeralgebrai algoritmusok

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak.

» 1. Torténet

» 2. Algebrai alapok

» 3. Normal formak, reprezentacio
> 4. Aritmetika

V¥ 5. Kinai maradékolas

> restart;

V E 5.1. Példa.

V E 5.2. Példa.

> a:=-30%xA3%y+90%XA2%yA2+15%XA2-60%*X*y+45%yA2;
a::—30x3y+90x2)?+ 15x2—60xy+45);

> collect(a,[x,y], distributed’);
30X Y+ 90X Y + 15X —60Xxy+45)°

> collect(a,x);
30X Y+ (90)2 +15) ¥ — 60 xy+ 457

> collect(a,y);
(90 +45) Y + (=30 —60x) y+15 %

V E 5.3. Példa.

> 3/1;

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)

(5.3.1)



V E 5.4. Példa.

> [i$i=-8..8]; map(x->x mod 6,%);
[-8,-7,-6,-5,-4,-3,-2,-1,0,1, 2, 3,4, 5,6, 7, 8]

[4,5,0,1,2,3,4,5,0,1,2,3,4,5,0, 1, 2] (5.4.1)

V E 5.5. Példa.

> subs(x=5,a); subs(y=2,a);
~4050 y+ 2295 y# + 375

60X +375x¥° —120x+ 180 (5.5.1)

V E 5.6. Példa.

> ar=3%XA2¥YA2-XA2%y+5%XA2+X*yA2-3%Xx*y; bi=2%X*y+7¥X+yA2-2;
a;ﬂx%ﬁ—¥y+5£+xf—3xy
b:i=2xy+7x+) =2 (5.6.1)

> amod 5; b mod 5;
3x%;+4£y+xf+2xy

2XY+2x+)Y +3 (5.6.2)

> amod 7; b mod 7;
3kﬁz+6fy+5xz+xf+4xy

2Xy+)y +5 (5.6.3)

V E 5.7. Példa.

> a:=7*x+5; b:=2%x-3; c:=expand(a¥*b);

a:=7x+>5
b:=2x-3
c:i=14X% —11x—15 (5.7.1)
> subs(x=0,a) mod 5; subs(x=2;b) mod 5; subs(x=0,c) mod 5;
2
0 (5.7.2)

> subs(x=1,a) mod 5; subs(x=1,b) mod 5; subs(x=1,c) mod 5;
2



-

3
> subs(x=2,a) mod 5; subs(x=2,b) mod 5;
4
1
4
> subs(x=0,a) mod 7; subs(x=0,b) mod 7;
5
4
6
> subs(x=1,a) mod 7; subs(x=1,b) mod 7;
5
6
2
> subs(x=2,a) mod 7; subs(x=2,b) mod 7;
5
> cmod 7; c mod 5;
3x+6
4X +4x
V E 5.8. Példa.
> m*i$i=-infinity..infinity;
mi$(i=—-c. o)
V E 5.9. Példa.
> p:=5%x+2; p¥*d;
p:=5x+2
(5x+2)d

V E 5.10. Példa.

> pl:=x; p2:=y;

subs(x=2,0c)

subs (x=0, c)

subs(x=1, )

subs(x=2,0c)

mod 5;

mod 7;

mod 7;

mod 7;

(5.7.3)

(5.7.4)

(5.7.5)

(5.7.6)

(5.7.7)

(5.7.8)

(5.8.1)

(5.9.1)

(510 1)



p2:=y

> pl¥*al+p2¥a2;
xal+ya2

V E 5.11. Példa.

> [i$i=-8..8]; map(x->x mod 6,%);
[-8,-7,-6,-5,-4,-3,-2,-1,0,1, 2,3,4,5,6, 7, 8]

[4,5,0,1,2,3,4,50,1,2,3,4,5,0, 1, 2]

V E 5.12. Példa.

> p:i=xA2+1;
p;f+1
> a:=xA2+8%x+4; rem(a,p,x); b:=2*xA2+8*x+5; rem(b,p,x);
a:=x"+8x+4
3+8x
b:=2xX+8x+5
3+8x

(5.10.1)

(5.10.2)

(5.11.1)

(5.12.1)

(5.12.2)

> p:=x-2; rem(a,p,x); subs(x=2,a); rem(b,p,x); subs(x=2,b);

pi=x—2
24
24
29
29

V E 5.13. Példa.

(5.12.3)

> a:=-30%xA3%y+90%xA2%yA2+15%xA2-60%*x*y+45%yA2; a mod 7; subs

(y=3,a);
a:r80x3y+90f5;+15x2—60xy+45f

5£y+6£ﬁ;+£+8xy+3f
90 X° + 825 x° — 180 x + 405

V E 5.14. Példa.

(5.13.1)



> m0:=3; ml:=5; m:=m0*ml; 11=2+3%3; -4=-1+(-1)%*3;

mQO:=3
mil:=>5
m:=15
11=11
-4 =-4

V A 5.1. Algoritmus.

> IntegerCRA:=proc(M,U) local G,N,n,i,j,t;
n:=nops(M)-1;
G:=[0%1i=1..n];
N:=[0%$i=0..n];
for j to n do
t:=M[1] mod M[j+1];
for i to j-1 do
t:=t*M[i+1] mod M[j+1];
od;
G[j1:=1/t mod M[j+1];
od;
N[1]:=U[1];
for j to n do
t:=N[jl;
for i from j-2 to 0 by -1 do
t:=t*M[i+1]+N[i+1] mod M[j+1];

od;

N[j+11:=(U[j+1]1-t)*G[j] mod M[j+1];
od;
t:=N[n+1];

for j from n-1 to 0 by -1 do
t:=t*M[j+1]+N[j+1];
od; t;
end;

IntegerCRA := proc(M, U)
localG, N, n, i, j,
n:= nopS(M) —1;
G:=['$(0,i=1.n)];
N:=["$(0,i=0.n)];
forjtondo
t:=mod(M[1], M[j+1]);
foritoj — 1do
t:=mod(t*M[i+1],

(5.14.1)

(5.15.1)



M[j+1])
end do;
Gljl:=mod(1/t, M[j+1])
end do;
N[1]:=Ul1]
for jto ndo
t:= NLj;
forifromj — 2by —1toOdo
t:=mod(t*M[i+1]+N[i+1], M[j+1])
end do;
N[j+1]:=mod((Ulj+1] - t)*Glj], M[j+1])
end do;
t:=N[n+1]
forjfromn — 1by —1to0Odo
t:=t*M[j+1]+N[j+1]
end do;
t
end proc

V E 5.15. Példa.

> "mod’ :=mods; debug(IntegerCRA); IntegerCRA([99,97,95],[49,

-21,-301);
mod := mods
IntegerCRA
{--> enter IntegerCRA, args = [99, 97, 95], [49, -21, -30]
n:=2
G:=10,0]
N:=1[0,0,0]
t:=2
G,:=-48
=4
t:=8
G,:=12
N, :=49
t:=49



t:=-35
t:=4
Ny :=-28
t:=-28
t:=-2751
t:=-272300
-272300

<-- exit IntegerCRA (now at top level) = 272300}
-272300 (5.16.1)

V A 5.2. Algoritmus.

> NewtonInterp:=proc(a,u,x,p) local 1i,j,t,n,G,N;

n:=nops(a)-1;

G:=[0%1i=1..n];

N:=[0%$i=0..n];

for j to n do
t:=a[j+1]-a[1l] mod p;
for i to j-1 do

t:=t*(a[j+1]-a[i+1]1) mod p;

od;
G[j1:=1/t mod p;

od;

N[1]:=u[l];

for j to n do
t:=N[j];
for i from j-2 to 0 by -1 do

t:=t*(a[j+1]-a[i+1]1)+N[i+1] mod p;

od;
N[j+1]:=Cu[j+1]-t)*G[j] mod p;

od;

t:=N[n+1];

for j from n-1 to 0 by -1 do
t:=t*(x-al[j+11)+N[j+1] mod p;

od; t;

end;
NewtonlInterp:=proc(a, u, x, p) (5.17.1)

localj, j, t, n, G, N;
n:::nops(a) —1;
G:=['$(0,i=1.n)];
N:=["$(0,i=0.n)];
forjtondo



t:=mod(alj+1] —al1], p);
foritoj — 1do
t:=mod(t*(alj+1]—ali+1]), p)

end do;
Gljl:=mod(1/t, p)

end do;

N[1]:=ul1];

forjtondo
t:= NLj;
forifromj — 2by —1toOdo

t:=mod(t*(alj+1] —ali+1]) +Nli+1], p)

end do;
Nlj+1):=mod((ulj+1] -t)*Glj], p)

end do;

t:=N[n+1];

forjfromn — 1by —1to0Odo
t:=mod(t*(x —alj+1]) + N[j+1],
p)

end do;

t

end proc

V E 5.16. Példa.

> u0:=NewtonInterp([0,1],[-21,-30],y,97);
uf:=-9y—-21

> ul:=NewtonInterp([0,1],[20,17]1,y,97);
ul:=-3y+20

> u2:=NewtonInterp([0,1],[-36,-31],y,97);
u2:=5y—36

> u:=NewtonInterp([0,1,2],[u0,ul,u2],x,97); expand(u);
u:= (y(x—l) +6y+41) x—9y—-21

x2y+5xy+41x—9y—21

V E 5.17. Példa.

> a:=7*x+5; b:=2%x-3; c:=expand(a*b);

(5.18.1)

(5.18.2)

(5.18.3)

(5.18.4)



a=7x+5

b:=2x-3
c:=14X¥ —11x—15 (5.19.1)
> c5:=expand(NewtonInterp([0,1,2],[0,-2,-11,x,5)) mod 5;
c5i=-x" —Xx (5.19.2)
> c7:=expand(NewtonInterp([0,1,2],[-1,2,-2]1,x,7)) mod 7;
c7:=3x—-1 (5.19.3)
> c3:=expand(NewtonInterp([0,1,-1]1,[0,0,1],x,3)) mod 3;
c3:=-X +x (5.19.4)

> expand(IntegerCRA([5,7,3],[-xA2-x,3%x-1,-xA2+x])) mod 105;
{--> enter IntegerCRA, args = [5, 7, 3], [-xA2-x, 3*x-1, -

XA2+x]
n:.=2
G:=10,0]
N:=1[0,0, 0]
t:=-2
G,:=3
=—1
=-1
G,:=-1

t:—f—x

N2::—2x—3+3x2
t:=-—2Xx—3+3%
t:—f+x
N;:=0
t:=0
t:=-2x—3+43%
t:i=14x —11x—15
14X —11x—15

<-- exit IntegerCRA (now at top level) = 14*xA2-11*x-15}
14x¥ —11x—15 (5.19.5)

» 6. Newton-iteracio, Hensel-felemelés



» 7. Legnagyobb ko6zos 0szto

» 8. Faktorizalas

» 9. Egyenletrendszerek

» 10. Grobner-bazisok

» 11. Racionalis tortfiiggvények integralasa

» 12. A Risch-algoritmus.



