Komputeralgebrai algoritmusok

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak.

» 1. TOorténet

Vv 2. Algebrai alapok

> restart;

V E 2.1. Példa.

> 1irem(1,1); irem(1l,-1);

0
0
> irem(18,6); irem(30,6);
0
0
> irem(18,-6); irem(30,-6);
0
0
> irem(6,-6); irem(-6,6);
0
0
V E 2.2. Példa.
> 1igcd(18,30);
6

V E 2.3. Példa.

> sign(-6); abs(6); sign(6); abs(6); sign(0); abs(0);
-1

6

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

(2.2.1)



S = O

(2.3.1)

> 1igcd(-18,30); -18%30/1igcd(-18,30); abs(-18%30)/igcd(-18,30);
ilcm(-18,30);
6

-90
90
90 (2.3.2)
V E 2.4. Példa.
> abs(-6); abs(6);

6 (2.4.1)

V E 2.5. Példa.

> gcd(18,30); 2*18+(-1)*30; (-3)*18+2%30; 7%18+(-4)*30;

(o)l e) BNe) BN o))

(2.5.1)

V A 2.1. Algoritmus.

> Euclid:=proc(a,b,x) local c,d,r,ua,ub,uc;

if nargs<3 then
c:=abs(a); d:=abs(b);

else
ua:=lcoeff(collect(a,x),x); if ua<>0 then c:=a/ua fi;
ub:=1coeff(collect(b,x),x); if ub<>0 then d:=b/ub fi;

fi;

while d<>0 do
if nargs<3 then r:=irem(c,d) else r:=rem(c,d,x) fi;
c:=d; d:=r;

od;

if nargs<3 then
abs(c);



else
uc:=1coeff(collect(c,x),x); if uc<>0 then c/uc else c fi;
fi;
end;
Euclid:= proc(a, b, x) (2.6.1)
local ¢ d, r, ua, ub, uc

if nargs < 3 then

c:=abs(a);
d:=abs(b)
else

ua:= lcoeff(collect(a, x), x);
ifua<>0 then
c:=a/ua
end if;
ub:= Icoeff (collect(b, x), x);
ifub<>0 then
d:=b/ub
end if
end if;
whiled<>0do
ifnargs < 3 then
r:=irem(c d)
else
r:=rem(c d x)
end if;
c:=d,
di=r
end do;
if nargs < 3 then
abs(c)
else
uc:= lcoeff (collect(c
x), x);
ifuc<>0 then
c/ uc
else
c
end if
end if



end proc

V E 2.7. Példa.

> debug(Euclid);
Euclid (2.7.1)

> Euclid(18,30);
{--> enter Euclid, args = 18, 30
c:=18

d:=30
r:=18
c:=30
d:=18
r:=12
c:=18
d:=12
r:=6
=1

N

c:
d
r
c
d

S O

SRR

<-- exit Euclid (now at top level) = 6}
6 (2.7.2)

V A 2.2. Algoritmus.

> EEA:=proc(a,b,s,t,x) local c,cl,c2,d,dl,d2,q,r,rl,r2,ua,ub,
uc;

if nargs<5 then
c:=abs(a); d:=abs(b);

else
ua:=lcoeff(collect(a,x),x); if ua<>0 then c:=a/ua fi;
ub:=lcoeff(collect(b,x),x); if ub<>0 then d:=b/ub fi;

fi;

cl:=1; d1:=0; c2:=0; d2:=1;

while d<>0 do
if nargs<5 then q:=iquo(c,d) else q:=quo(c,d,x) fi;
r:=expand(c-qg*d) ;



rl:=expand(cl-qg*dl);
r2:=expand(c2-qg*d2);
c:=d; cl:=dl; c2:=d2;
d:=r; dl:=rl1; d2:=r2;
od;
if nargs<5 then
s:=cl/sign(a)/sign(c); t:=c2/sign(b)/sign(c); abs(c);
else
uc:=lcoeff(collect(c,x),x);
if uc<>0 then
if ua<>0 then s:=cl/uc/ua else s:=cl/uc fi;
if ub<>0 then t:=c2/uc/ub else s:=c2/uc fi;
c/uc;
else
if ua<>0 then s:=cl/ua else s:=cl fi;
if ub<>0 then t:=c2/ub else s:=c2 fi;
C;
fi;
fi;
end;

EEA:=proc(a, b, s, t x) (2.8.1)
localg cl, c2, d, dl, d2, g, v, v1, ¥2, ua, ub, uc
ifnargs < 5 then

c:=abs(a);
d:=abs(b)
else

ua = lcoeff (collect(a,
X), X);
ifua<>0 then
c:=da/ua
end if;
ub:= Icoeff (collect(b, x),
X);
ifub<>0 then
d:=b/ub
end if
end if;
cl:=1;
dl:=0;
c2:=0;
d2:=1;
whiled<>0do



if nargs < 5 then

q:=iquo(c, d)
else

q:=quo(c d, x)
end if;

r:=expand(c — q*d);
rl:=expand(cl — g*dl);
r2:=expand(c2 — q*d2);
c:=d,

cl:=dI;
c2:=d2
d:=r,
dl:=rl,
az:=r2
end do;

if nargs < 5 then
s:=cl/ (sign(a) *sign(c));
t:=c2/ (sign(b) *sign(c));

abs(c)

else
uc:= lcoeff (collect(c, x),
x);

ifuc<>0 then

ifua<>0 then
s:=cl/ (uc ua)

else
s:=cl/uc

end if;

ifub<>0 then
t:=c2/ (uc*ub)

else
s:=c2/uc
end if;
c/uc
else
ifua<>0 then
s:=cl/ua

else



s:=cl
end if;
ifub<>0 then
t:=c2/ub
else
s:=c2
end if;
c
end if
end if
end proc

V E 2.8. Példa.

> debug(EEA) ;
EEA (2.9.1)

> EEA(18,30,'s','t");
{--> enter EEA, args = 18, 30, s, t

c:=18
d:=30
cl:=1
dl:=0
c2:=0
dz2:=1
q:=0
r:=18
rl:=1
r2:=0
c:=30
cl:=0
c2:=1
d:=18
dl:=1
d2:=0
q:=
r:=12
rl:=-1

r2:=1



c:=18

cl:=1

c2:=0
d:=12
dl:=-1
d2:=1

r2:=-1
c:=12
cl:=-1

cl:=2
c2:=-1
d:=0
dl:=-5
d2:=3
$:=2
t:=-1
6

<-- exit EEA (now at top level) = 6}
6 (2.9.2)

> s; t;

-1 (2.9.3)

V E 2.9. Példa.



V E 2.10. Példa.

VE 2.11. Példa.

> ai=3%XA3+xXA2+X+5; b:=5%xA2-3%x+1;
a:=3xXx+xX+x+5

b:=5x¥—-3x+1
> ql:=3/5%x; rl:=expand(a-ql*b);

> q2:=14/25; r2:=expand(rl-q2+*b) ;
g2 14
" 25

52 111
=05 Xt o5

> g:=q1+q2; r:=r2; a=expand(q*b+r);
e 3 xy 14
"~ 5 25

52,111
ri= s Xt oo

re:

3x3+f+x+5=3x3+ﬁ+x+5

V E 2.12. Példa.

V E 2.13. Példa.

V E 2.14. Példa.

> a:=48%xA3-84%xA2+42%x-36; b:=—-4%xA3-10%xA2+44%x-30;
a:=48x —84x° +42 x—36
b;—4£—10£+44x—30

> Euclid(a,b,x);

{--> enter Euclid, args = 48%*xA3-84%xA2+42%x-36,

-10*xA2+44%x-30, X
ua:=48

(2.12.1)

(2.12.2)

(2.12.3)

(2.12.4)

(2.15.1)



33 17 2, 95
4 4X+8X

_ 1605 , 535
578 289

33 17 2, 95
4 4X-|-8X

_1605 535

578 289
r:=0
1605 | 535

=578 T 289

d:=0
_ 535
289

3
2-+x

<-- exit Euclid (now at top level) = -3/2+x}

_3 4 (2.15.2)

2

d:=

uc:

V E 2.15. Példa.

> EEA(a,b,'s','t',x);
{--> enter EEA, args = 48%*xA3-84%xA2+42%x-36, -4*xA3-10%
xA2+44%x-30, s, t, X

ua:=48
32, 7, 3
C:=X 4 X +-8 X 1
ub:=-4
5 15

di=xX+2 ¥ -11x+ >
2 2



cl:=1
dl:=0
c2:=0
az:=1
qg.=1

33 _17 » 95

4 4 X7
rl:=1
r2:=-1

X

C:=X3+%X2—11X+%
cl:=0
c2:=1
d:=—?—%x2+%x
dl:=1
d2:=-1
gio_ A4 360
17 289
1605 535
~ 7578 g9
360 4

1’1::2—89-|-FX

_1605 535

578 289

. 360 , 4
dl:= 289 + 17 X

d:=

_ 4913 X+ 3179
2140 1070
r:=0




289 1156 . 289
107 7 535 “ 5335 %

~ 289 n 289 X__289;g
1070 ~ 2140 535

_1605 | 535
578 ' 289
360 , 4

l:=—F7+—
=589 T17 7%

rl:=

r2:=

Cc:=

289 1156, 289 »

107 535 535

280 289 289 o
- + x— <22 x
1070 2140 X 535
L 535
= 289
3 17
=214 " a20 ¥
71 17

0= 5140 T 333

3
- 4
5 X

<-- exit EEA (now at top level) = -3/2+x}
-3 ix
2

dl:=

d2:=

> s; t; expand(s*a+t¥*b);
3 17

214 T 420 ¥
7117
2140 535

3
—= 4
5 X

V E 2.16. Példa.

> pi=5FXA3FYA2-XA2%YAL-3%XA2FYA2+T#X*YA2+2% X%y -2%X+4%yA4+5;

lﬂzSfyﬂ—ﬁyﬂ—3£y2+7xyl+2xy—2x+4)ﬁ+5
> sort(p,[y,x],plex);



AR+ V45V -3V + 7Y x+2YyXx—2X+5 (2.17.2)

> sort(p,[x,y]l,plex);
SX%;—fﬁﬁ—Bkﬁz+7xf+2xy—2x+4f+5 (2.17.3)

VE 2.17. Példa.

> collect(p,[x,y]);
5+ (=30 ) X+ (2y—2+7Y)x+4)y +5 (2.18.1)

V E 2.18. Példa.

> p:=collect(p,[x,y], distributed’); 1coeff(p,[x,yl,'t'); t;
p:z59)2—£5ﬁ—3£%?+7xyk+2xy—2x+4)A+5

5
X3y (2.19.1)
> convert(t,list); map(x->op(2,x),%);
3
X,
3, 2] (2.19.2)
> degree(p, {x,y});
6 (2.19.3)
> degree(p,x);
3 (2.19.4)
> degree(p,y);
4 (2.19.5)

V E 2.19. Példa.

> a=expand((1)*(2)*(3)*(2*x-3)*(4*xA2-x+2));
b=expand((-1)*(2)*(2*x-3)*(x-1)*(x+5)) ;
48X — 84X +42Xx—36=48X —84 X +42x—36

410X +44x—-30=-4Xx —10x* +44x—30 (2.20.1)

> expand((2)*(2*x-3));
644 x (2.20.2)

V E 2.20. Példa.



> a=expand((48)*(x-3/2)*(xA2-1/4%x+1/2));
b=expand((-4)*(x-3/2)*(x-1)*(x+5));
48> — 84X +42x—36=48X—84x* +42x—36

410X +44x—-30=-4Xx—10x* +44x—30 (2.21.1)
> x-3/2;
—%~+x (2.21.2)

V E 2.21. Példa.

> u:=proc(p,L,typ) local pp,uu;
pp:=expand(p); pp:=collect(pp,L, distributed’);
uu:=1coeff(pp,L);
if uu=0 then return 1 fi;
if typ='1integer' then return sign(uu) fi;
uu;
end;
u:=proc(p, L, typ) (2.22.1)

local pp, uuy;
pp:= expand(p);
pp:= collect(pp, I,
distributed);
uu := lcoeff (pp, L);
if uu = 0 then
return 1
end if;
if typ = 'integer’' then
return sign(uu )
end if;
uu
end proc
> cont:=proc(p,L,typ) local pp,uu,cL;
if nops(L)=1 and typ<>'1integer' then return 1 fi;
uu:=u(p,L,typ);
pp:=simplify(p/uu);
pp:=collect(pp,L[1]);
cL:=coeffs(pp,L[1]1);
if nops(L)=1 then return +igcd(cL) fi;

GCD(LcL],L[2..nops(L)],typ);
end;

cont:=proc(p, L, typ) (2.22.2)



local pp, uu, cL;
ifnops(L) =1 and typ <> 'integer' then
return 1
end if;
uu = u(p,
L typ);
pp:= simplify(p [ uu);
pp = collect(pp, L[1]);
cL:= coeffs(pp, LI 1]);
ifnops(L) = 1 then
return igcd(cL)
end if;
GeD([eL], ]2 ..nopS(L) ], typ)
end proc
> pp:=proc(p,L,typ) local uu,pp,c;
uu:=u(p,L, typ);
pp:=simplify(p/uu);
c:=cont(pp,L,typ);

if c=0 then 0 else simplify(pp/c) fi;
end;

pp:=proc(p, L, typ) (2.22.3)
local uu, pp, g
uu:=u(p, L, typ);
pp:= simplify(p/ uu);
c:= cont(pp, L, typ);

ifc= 0 then
0
else
simplify(pp/ c)
end if
end proc
> a;
48 X3 —84 X +42 x—36 (2.22.4)
> u(a,[x], ' 'integer');
1 (2.22.5)
> cont(a,[x], 'integer');
6 (2.22.6)

> pp(a, [x], "integer');
8X — 14X +7x—6 (2.22.7)



> u(a,[x], 'rational');

48 (2.22.8)
> cont(a, [x], 'rational');
1 (2.22.9)
> pp(a,[x], 'rational');
3 7 2 3
_ L Ly 2 2.22.1
X = + = x 1 ( 0)
> b;
44X —10x* +44x—30 (2.22.11)
> u(b,[x], ' 'integer');
-1 (2.22.12)
> cont(b,[x], ' 'integer');
2 (2.22.13)

> pp(b, [x], "integer');
2xX +5X —22x+15 (2.22.14)

> u(b,[x], 'rational');

-4 (2.22.15)
> cont(b,[x], 'rational');
1 (2.22.16)
> pp(b,[x], 'rational’);
x3+% 2—11x+% (2.22.17)

V A 2.3. Algoritmus.

> pseudodiv:=proc(a,b,x,q,r) local 1,beta,qq,aa,bb;
aa:=collect(expand(a),x);
bb:=collect(expand(b) ,x);
1:=degree(aa, x)-degree(bb,x)+1;
q:=0;
if 1<=0 then r:=aa; return fi;
beta:=1coeff(bb,Xx);
aa:=collect(expand(aa*betarl),x);
while degree(aa,x)>=degree(bb,x) do
1:=degree(aa, x) -degree(bb,x) ;
dq:=1coeff(aa,x)/beta;
q:=9+qq;
aa:=collect(expand(aa-qq*xAl1*bb) ,x);
od;
r:=aa;
end;
pseudodiv:=proc(a, b, x, g, r) (2.23.1)



local ], beta, gq, aa, bb;
aarzcoﬂecdexpand(a),x}
bbrzcoﬂecdexpand(b),x}
l:=:degree(aa,x) —-degree(bb,x)—kl;
q:=0;
if| <=0 then
Y= aa;
return
end if;
betarzlcoeff(bb,x);
aarzCoﬂecﬂexpand(aa*beuVH),x}
while degree( bb,
x) <= degree(aa, x)do
I:= degree(aa, x) — degree(bb, x);
qq:= lcoeff( aa, x) / beta;

q:=4q+4qq,
aa:= collect( expand(aa — qq* x\1*bb), x)
end do;
r:=aa
end proc

> PrimitiveEuclidean:=proc(a,b,L,typ) local c,d,r,q,gamma;
c:=pp(a,L,typ); d:=pp(b,L,typ);
while d<>0 do
pseudodiv(c,d,L[1],'q','r");
c:=d; d:=pp(r,L,typ);
od;
if nops(L)=1 then
if typ='1integer' then
gamma:=igcd(cont(a,L,typ),cont(b,L,typ));
else gamma:=1 fi;
else
gamma:=PrimitiveEuclidean(cont(a,L,typ),cont(b,L,typ),L
[2..nops(L)],typ);
fi; gamma¥c;
end;
PrimitiveEuclidean := proc(a, b, L, typ) (2.23.2)

local g d, r, g, gamma;
c:=ppla,
L typ);

d:= pp(b, L, typ);
whiled<>0do



pseudodiv(c, d, L[1], 'q',
r);
c:=d;
d:=pp(r, L typ)
end do;
if nopS(L) =1 then
if typ = 'integer' then
gamma := igcd(cont(a, L typ), cont(b, L, typ))
else
gamma:=1
end if
else
gamma := PrimitiveEuclidean(cont(a, I, typ), cont(b, I, typ),
1[2..nops(L) ], typ)
end if;
gamma* ¢
end proc

> GCD:=proc(P,L,typ)
if nops(P)=0 then return 0 fi;
if nops(P)=1 then return expand(P[1]/u(P[1],L,typ)) fi;
if nops(P)=2 then PrimitiveEuclidean(op(P),L,typ)
else GCD([PrimitiveEuclidean(P[1],P[2],L,typ),op(P[3..nops

(P)DI1,L,typ) fi;
end;
GCD:=proc(P, L, typ) (2.23.3)

ifnops(P) = 0 then
return(
end if;
ifnops(P) = 1 then
return expand(P[1]/u(P[1], L, typ))
end if;
ifnops(P) = 2 then
PrimitiveEuclidean(op(P), L, typ)
else
GCD( | PrimitiveEuclidean(P|1], P[2], L, typ), op(P[3..nops(P)])]
L,

typ)
end if

end proc



V E 2.22. Példa.

> debug(PrimitiveEuclidean);
PrimitiveEuclidean (2.24.1)

> PrimitiveEuclidean(a,b,[x], 'integer');
{--> enter PrimitiveEuclidean, args = 48%xA3-84%xA2+42%x
-36, -4*xA3-10%xA2+44*x-30, [x], integer
c:=8xX—-14xX¥+7x-6
d:i=2x+5x —-22x+15
~132 - 68X +190x
ci=2X+5x¥—-22x+15
d:=66+34Xx —95x
-6420 + 4280 x
c:=66 + 34 X —95 x
d:=-3+2x
0
c:=-3+2Xx
d:=0
Yi=2
-6 +4x

<-- exit PrimitiveEuclidean (now at top level) = -6+4%*x}
—6+4x (2.24.2)

V E 2.23. Példa.

> aa:=-30%*xA3%y+90%*xA2%yA2+15%XxA2-60%*x*y+45%yA2;
bb:=100%xA2%y-140%xA2-250%x%*yA2+350%x*y-150%yA3+210%yA2;
aa:=-30X y+90x )’ + 15X —60xy+45 )

bb:=100x"y— 140X —250x)’ +350xy—150) + 2107 (2.25.1)

> aa:=collect(aa,[x,y]);
aa:=-30xy+ (9012 +15) ¥ — 60 xy +45 )2 (2.25.2)

> bb:=collect(bb,[x,y]);
bb:=(100y—140) ¥ + (-250)7 +350y) x— 150 )" + 2107 (2.25.3)

> coeffs(aa,x);
451,-60y, =30y, 90 + 15 (2.25.4)



> coeffs(bb,x);
~150)? + 2107, -250)” + 350y, 100y — 140

> debug(GCD):

> GCD([%%%] ,[y]l, " 'integer');

{--> enter GCD, args = [45%yA2, -60%y, -30%*y, 90%yA2+15],
[y]l, integer

{--> enter PrimitiveEuclidean, args = 45*yA2, -60*y, [y],
integer )2

=Yy

SRS Q 0
N1 <
5o

vi=1
15y
<-- exit PrimitiveEuclidean (now in GCD) = 15%y}

{--> enter GCD, args = [15*y, -30%*y, 90*yA2+15], [vy],
integer

{--> enter PrimitiveEuclidean, args = 15*y, -30*y, [y],
integer

U0
S g
< <

y
0

QU N

vi=15
15y

<-- exit PrimitiveEuclidean (now in GCD) = 15%*y}

{--> enter GCD, args = [15*y, 90*yA2+15], [y], integer
{--> enter PrimitiveEuclidean, args = 15*y, 90%yA2+15, [yl
, integer

c:=y
d:=(3}24—1
ci=6) +1

d:=y

|

=y
d:=1

o .”.

(2.25.5)



vy:=15
15

<-- exit PrimitiveEuclidean (now in GCD) = 15}
15

153
15
15}
15
<-- exit GCD (now at top Tlevel) = 15}
15 (2.25.6)
> GCD([%%%] ,[y], ' 'integer');
{--> enter GCD, args = [-150%yA3+210%*yA2, -250%yA2+350*y,
100*y-140], [y], integer
{--> enter PrimitiveEuclidean, args = -150%yA3+4210%yA2,
-250*yA2+350*y, [y], integer
=5y -7y
di=5y—7y
0
a=5f—7y
d:=0
v:=10
50 — 70y
<-- exit PrimitiveEuclidean (now in GCD) = 50*%yA2-70%*y}
{--> enter GCD, args = [50*%yA2-70*y, 100*y-140], [vy],
integer
{--> enter PrimitiveEuclidean, args = 50%yA2-70%y, 100*y
-140, [y], integer

<-- exit GCD (now in GCD)

<-- exit GCD (now in GCD)

ci=5y—7y
d=5y—7
0
ci=5y—7
d:=0
v:=10
50y—70
<-- exit PrimitiveEuclidean (now in GCD) = 50*y-70}
50y—70
<-- exit GCD (now in GCD) = 50*y-70}
50y—70
<-- exit GCD (now at top level) = 50*y-70}
50y —70 (2.25.7)
> undebug(GCD) ;



GCD (2.25.8)
> pp(aa, [x,y], "integer');
{--> enter PrimitiveEuclidean, args = -45*yA2, 60*y, [y],
integer
y

Q_‘f‘d
S

y
0

QN

vi=15
15y

<-- exit PrimitiveEuclidean (now in GCD) = 15%*y}
{--> enter PrimitiveEuclidean, args = 15*y, 30*y, [y],
integer

QN
S g
< <

y
0

QN

vi=15
15y
<-- exit PrimitiveEuclidean (now in GCD) = 15*y}
{--> enter PrimitiveEuclidean, args = 15*y, -90%yA2-15,
[y]l, integer
c:=y
dr=6);—+1
CF:6);4-1
d=y

|

c:=Yy
d=1

=

c:=1
d:=0
vyi=15
15
<-- exit PrimitiveEuclidean (now in GCD) = 15}
2Xy—6X )Y =X +4xy—3) (2.25.9)
> pp(bb,[x,y], 'integer');



{--> enter PrimitiveEuclidean, args = -150%yA3+210%yA2,
-250*yA2+350*y, [y], integer

C;Sf—7f
¢=5f—7y
0
a=5f—7y
d:=0
v:=10
50y =70y
<-- exit PrimitiveEuclidean (now in GCD) = 50%yA2-70%*y}

{--> enter PrimitiveEuclidean, args = 50%*yA2-70%y, 100*y
-140, [y], integer

a=5f—7y
d:=5y—7
0
C:i=5y—7
d:=0
v:=10
50y—70
<-- exit PrimitiveEuclidean (now in GCD) = 50*y-70}
3P —5xy+2x (2.25.10)

> PrimitiveEuclidean(aa,bb,[x,y], 'integer');
{--> enter PrimitiveEuclidean, args = -30%xA3*y+(90*
yA2+415) *xA2-60*x*y+45%yA2, (100*y-140) *xA2+(-250*yA2+350%*
y) *x-150%yA3+210*yA2, [x, y], integer
{--> enter PrimitiveEuclidean, args = -45%yA2, 60*y, [y],
integer

cim Y

d:=y

)

c:=y
d:=0
v

15
15y

<-- exit PrimitiveEuclidean (now in GCD) = 15%y}
{--> enter PrimitiveEuclidean, args = 15*y, 30*y, [y],
integer

ci=y
d:=y

S



y
0

C

d
vy:i=15
15y

<-- exit PrimitiveEuclidean (now in GCD) = 15%*y}
{--> enter PrimitiveEuclidean, args = 15%y, -90%yA2-15,
[y]l, integer

ci=Yy
dh=6);4—1
CF=6)24-1

d:=y

—_

ci=y
d=1

S

c:=1

d:=0

v:=15

15
<-- exit PrimitiveEuclidean (now in GCD) = 15}
a=2fy—6£@g—f+4xy—3f

{--> enter PrimitiveEuclidean, args = -150%yA3+210%yA2,
-250*yA2+350*y, [y], integer

c:i=5y =7y
¢=5ﬁ—7y
0
a:5f—7y
d:=0
v:=10
50, — 70y

<-- exit PrimitiveEuclidean (now in GCD) = 50%yA2-70%*y}
{--> enter PrimitiveEuclidean, args = 50*yA2-70*y, 100*y
-140, [y], integer
a=5f—7y
d=5y—7
0
c:i=5y—7
d:=0
v:=10



50y—70
<-- exit PrimitiveEuclidean (now in GCD) = 50*y-70}
d;—Sf—Sxy+2£
(2y’+6y)x—18y*—6)"
c;—3f—5xy+2£
{--> enter PrimitiveEuclidean, args = -18%yA2-6%yA4, 6 2%
yA3+6*y, [y], integer
c:i=3Y +y
d:=y'+3y
0
a=f+3y
d:=0
vy i=2
2ﬁ+6y

<-- exit PrimitiveEuclidean (now in GCD) = 2*yA3+6*y}
d=-3y+x

0
c:=-3y+x
d:=0
{--> enter PrimitiveEuclidean, args = -45*%yA2, 60*y, [y],
integer ;

c:
d:=y

15y
<-- exit PrimitiveEuclidean (now in GCD) = 15%*y}
{--> enter PrimitiveEuclidean, args = 15*y, 30%y, [y],
integer

0
S ol
< <

y
0

]SRN

=15
15y
<-- exit PrimitiveEuclidean (now in GCD) = 15%*y}

=2
Il



{--> enter PrimitiveEuclidean, args = 15%y, -90%yA2-15,

[y]l, integer
c:i=y

d::(3)24—1
a=6f+1
d:i=y

[

ci=Yy
d=1

Sl

ci=1
d:=0
v:i=15
15

<-- exit PrimitiveEuclidean (now in GCD) = 15}
{--> enter PrimitiveEuclidean, args = -150%yA3+4210%yA2,

-250*yA2+350*y, [y], integer
=5y -7y
d:=5y—7y
0
a=5f—7y
d:=0
v:=10
50/ =70y
<-- exit PrimitiveEuclidean (now in GCD) = 50%yA2-70%*y}
{--> enter PrimitiveEuclidean, args = 50%yA2-70%y, 100%*y
-140, [y], integer
a:5f—7y
d:=5y—-7
0
cC:=>5y—7
d:=0
v:=10
50y—70

<-- exit PrimitiveEuclidean (now in GCD) = 50%y-70}
{--> enter PrimitiveEuclidean, args = 15, 50*y-70, [y],

integer



<-- exit PrimitiveEuclidean (now in PrimitiveEuclidean) =

5}

Yi=5
-15y+5x
<-- exit PrimitiveEuclidean (now at top level) = -15%y+5%
x}
-15y+5x (2.25.11)

V E 2.24. Példa.

> PrimitiveEuclidean(a,b,[x], 'rational');
{--> enter PrimitiveEuclidean, args = 48%xA3-84%xA2+42%X
-36, -4*xA3-10*xA2+44*x-30, [x], rational

e — T I3
d::x3+%x2—11x+%
ci=xX+ 2211 +%
d z-%%—+x2—-%g-x
s
C:=%+x2—%x
d:—%~+x
0
c:f%+x



vyi=1

3
-+
5 X

<-- exit PrimitiveEuclidean (now at top level) = -3/2+x}

3
-+
5 X

V E 2.25. Példa.

> -2/4; 2/(-4); 100/(-200); -600/1200;
1

N = D= N—= o

V E 2.26. Példa.

> a:=17/100%xA2-3/112*x+1/2; b:=5/9*xA2+4/5;
"~ 100 112 2

5 2, 4
b:==x+—
9™ "

> a/b;
17 3
— X - ——X
100 112

5 » 4

—_ +_

9% T3

> expand(a*25200) /expand(b*25200) ;

4284 xX* — 675 x + 12600

14000 X* + 20160
> expand(a*25200/14000) /expand(b*25200/14000) ;

1
+_
2

153 o 27 9

- - + _

500 560 © " 10
X+ 36

25

(2.26.1)

(2.27.1)

(2.28.1)

(2.28.2)

(2.28.3)

(2.28.4)



> normal (expand(a/b));
9 476 X° —75x+ 1400

560 25 X° + 36

> simplify(a/b);
9 476X —75x+ 1400
560 25 X° + 36

V E 2.27. Példa.
> d:=series(1/(1-x),x);
d::1+x+x2+x3+x4+x5+0(x6)
V E 2.28. Példa.

> series(1/d,x);
1 —x+0(x6)

V E 2.29. Példa.

> with(powseries);
[compose, evalpow, inverse, multconst, multiply, negative, powadd,

powcos, powcreate, powdiff, powexp, powint, powlog, powpoly,
powsin, powsolve, powsqrt, quotient, reversion, subtract, tpsform|

(2.28.5)

(2.28.6)

(2.29.1)

(2.30.1)

(2.31.1)

> c:="c'; powcreate(c(n)=1,c(0)=2,c(1)=0,c(2)=0); tpsform(c,x,

8);
cC.=¢C

2 +x3+x4+x5+x6+x7+0(x8)
> d:=powpoly(1-x,x); tpsform(d,x,8);
d:=proc(powparm) ... end proc

1—x

> e:=1inverse(d); tpsform(e,x,8);
e :=proc(powparm) ... end proc

1-|—x+x2+x3+x4+x5+x6+x7+0(x8)
> a:=multiply(e,c); tpsform(a,x,8);
a:=proc(powparm) ... end proc

242x+2X+3X8 +4X 458465 +7x +0(X®)
> b:=multiply(a,e); tpsform(b,x,8);

(2.31.2)

(2.31.3)

(2.31.4)

(2.31.5)



b:=proc(powparm) ... end proc
24+4x+6X+9X° +13x°0 +18xX° +24x° +31x +0(®) (2.31.6)

V E 2.30. Példa.

> b:=powlog(d); tpsform(b,x,8); a:=negative(b); tpsform(a,x,8);
b:=proc(powparm) ... end proc

—x—lXZ—lxg—lx4—lx5—lx6—lx7+0(x8)

2 3 4 5 §) 7
a:=proc(powparm) ... end proc
1l o 1 3 1 4 15 1 6, 1 7 8
— - — = — = O 2.32.1
Xty X X X o X +7x+(x) ( )

> c:=multiply(a,e); tpsform(c,x,8);
Cc:= proc(powparm ... end proc

x+o @+l g2 4 137 5 49 6, 363 7 5(8) (2.32.2)

2 6 12 60 20 140

V E 2.31. Példa.

> c:="c'; powcreate(c(n)=1/2A(n-2),c(0)=0,c(1)=0); tpsform(c,x,
8);

el Ll 1 s 1 7, 5(,8 2.33.1
Xy Mg g X+ gy K +old) (2331
> a:=1inverse(c);
Error, (in powseries:-inverse) inverse will have pole at zero
> series(1/(xA2*(1-x/2)),x);

2 1 -1, 1 1 1 2, 1 3, 1 4 1 5 6

1 . 1.1 L — X+ —=—x+0 2.33.2
X gt g X X e e rold) ess)

» 3. Normal formak, reprezentacio
» 4. Aritmetika

» 5. Kinai maradékolas



» 6. Newton-iteracio, Hensel-felemelés

» 7. Legnagyobb ko6zos 0szto

» 8. Faktorizalas

» 9. Egyenletrendszerek

» 10. Grobner-bazisok

» 11. Racionadlis tortfiiggvények integralasa

» 12. A Risch-algoritmus.



