Szamitogépes szamelmélet

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak

» 1. A primek eloszlasa, szitalas

» 2. Egyszeru faktorizalasi modszerek
» 3. Egyszeru primtesztelési modszerek
» 4. Lucas-sorozatok

» 5. Alkalmazasok

» 6. Szamok és polinomok

» 7. Gyors Fourier-transzformacio

» 8. Elliptikus fliggvények

» 9. Szamolas elliptikus gorbéken

» 10. Faktorizalas elliptikus giirbékkel
» 11. Primteszt elliptikus gorbékkel

Vv 12. Polinomfaktorizalas

> restart; with(PolynomialTools);
| CoefficientList, CoefficientVector, GcdFreeBasis, (12.1)

GreatestFactorialFactorization, Hurwitz, IsSelfReciprocal,
MinimalPolynomial, PDEToPolynomial, PolynomialToPDE, ShiftEquivalent,
ShiftlessDecomposition, Shorten, Shorter, Sort, Split, Splits, Tmnslate]



» 12.1. Polinomfaktorizalas modulo egy prim.
V 12.2. Visszavezetés négyzetmentes esetre.

> SquareFree:=proc(a,x,p) local 1i,out,b,c,y,z,w;
i:=1; out:=[]; b:=diff(a,x) mod p;
if b=0 then error "zero derivative; substitute xAp with p";
fi;
c:=Gcd(a,b) mod p; w:=Quo(a,c,x) mod p;
while degree(c)<>0 do
y:=Gcd(w,c) mod p;
z:=Quo(w,y,x) mod p;
out:=[op(out),z];
ir=i+1;
w:=y; c:=Quo(c,y,x) mod p;
od; out:=[c,op(out),w]; end;
SquareFree :=proc(a, x, p) (12.2.1)

locali out, b, ¢, y, z, w;
i:=1;
0ch=[k
b:= mod(diff(a, x), p);
if b= 0 then
error"zero derivative; substitute xAp with p"
end if;
c:= mod(Gcd(a, b), p);
w:= mod(Quo(a, ¢ x), p);
while degree(c) <>0do
y:=mod(Ged(w, ¢), p);
z:= mod(Quo(w, y, x), p);
outh:[op(ouﬂ,zk
ii=i+1;
W=,
c:= mod(Quo(g y, x), p)
end do;
out:= [ ¢ op(out), wi

end proc

> ‘mod :=mods; x:="'x'; a:=xA15-1; debug(SquareFree); SquareFree



(a,x,5);
mod := mods

X=X
a:=x"-1
SquareFree

{--> enter SquareFree, args = xA15-1, x, 5
ii=1

out:= ||
b:=0

<-- ERROR 1in SquareFree (now at top level) = zero derivative;
substitute xAp with p}

Error, (in SquareFree) zero derivative; substitute xAp with p
> SquareFree(a,x,11);

{--> enter SquareFree, args = x
i:=1
out:=|]
b:=4 x4
ci=1
wi=x">—1
ouu:[l,fs—l]

<-- exit SquareFree (now at top level) = [1, xA1l5-1]}
[1, X" —1] (12.2.2)

> SquareFree(xA3+3*xA2+3%*x+1,x,11);
{--> enter SquareFree, args = xA3+3*xA2+3*x+1, x, 11
ir=1

out:.= []
b:=3X¥—-5x+3
=X +2x+1

wi=x+1

A15-1, x, 11

yi=x+1
z:=1

outh:[l]
i:=2

wi=x+1

ci=x+1



yi=x+1
z:=1
out:=[1, 1]
i:=3
wi=Xx+1
c:i=1
out:=[1,1,1, x+1]

<-- exit SquareFree (now at top level) = [1, 1, 1, x+1]}
[1,1,1, x+1] (12.2.3)

> #
# This procedure find the factorization of the polynomial P
of
# the variable X modulo the prime number p in the form of
product
# P_iAi, where each P_i is square free. The list of P_i's
# is given back.
#

squarefreefactor:=proc(P,X,p) local Pm,D,PP,L,LL,Q,R,i,j;
Pm:=P mod p;
if degree(Pm)<=1 then RETURN([Pm]); fi;
PP:=diff(Pm,X) mod p;
if PP=0 then
for i from 0 while p*i<=degree(Pm) do PP:=PP+coeff(Pm,X,i*
p)*XA1; od;
LL:=squarefreefactor(PP,X,p); L:=[];
for i to nops(LL) do L:=[op(L),0%$j=1..p-1,LL[i]]; od;
RETURN(CL) ;
fi;
D:=Gcd(Pm,PP) mod p; if degree(D)=0 then RETURN([Pm]); fi;
Q:=Quo(Pm,D,X) mod p; PP:=Gcd(Q,D) mod p; Divide(Q,PP,'R")
mod p;
[R,op(squarefreefactor(D,X,p))]1;
end;
squarefreefactor := proc(P, X, p) (12.2.4)

local Pm, D, PP, L, LL, Q, R, i, j;

Pm:=mod(P, p);

if degree(Pm) <=1 then
RETURN([Pm))

end if;

PP:= mod(diff(Pm, X), p);



if PP = 0 then
forifromOwhilep*i <= degree( Pm) do
PP:= PP+ coeff(Pm, X, p*i) * X\i
end do;
LL:= squarefreefactor(PP, X, p);
L:=[];
forito nopS(LL) do
L:=[op(L), $(0,j=1.p—1), LL[i]]
end do;
RETURN(L)
end if;
D := mod( Ged(Pm, PP), p);
if degree(D) = 0 then
RETURN([Pm])
end if;
Q:= mod(Quo(Pm, D, X), p);
PP:= mod(GCd(Q, D), p);
mod(Divide(Q, PP, 'R'), p);
[R,op(squareﬁ@eﬁutor(D,X;p))]
end proc

V 12.3. Véges testek.

> n:=8; RijndaelPoly:=Nextprime(ZAn,Z) mod 2; alpha:=Z;

n:=38
RijndaelPoly:=Z8+Z4+Zg+Z+1
a:=7 (12.3.1)
> x:=234; xx:=convert(x,base,2); xxx:=add(xx[i]*ZA(i-1),1i=1..
nops (xx));

x:=234

xx:=[0,1,0,1,0,1,1, 1]

XXi=Z+ L+ 2+ L+ 7 (12.3.2)

> y:=111; yy:=convert(y,base,2); yyy:=add(yy[il*ZA(i-1),i=1..



nops(yy));
y:i=111

yy:=[1,1,1,1,0,1, 1]
wy=1+2+72+22+22+2 (12.3.3)

zzz:=modpol (xxx+yyy,RijndaelPoly,Z,2); zz:=CoefficientList
(zzz,2);
z:=add(zz[1]*2A(1-1),1i=1..nops(zz));

222 =7 +1+ 7

zz:=[1,0,1,0,0,0,0,1]
z:=133 (12.3.4)

zzz:=modpol (xxx*yyy,RijndaelPoly,Z,2); zz:=CoefficientList
(zzz,2);
z:=add(zz[1]*2A(1-1),1i=1..nops(zz));
222 =2+ 2+ 7+ 22+ 7 +1
zz:=[1,0,1,1,1, 1, 1]
z:=125 (12.3.5)

zzz:=modpol (1/xxx,RijndaelPoly,Z,2); zz:=CoefficientList(zzz,

Z);
z:=add(zz[i]*2A(i-1),1i=1..nops(zz));

ZZZ:=Z7+ZG+Z4+ZZ+Z+1
zz:=1[1,1,1,0,1,0, 1, 1]
z:=215 (12.3.6)

V 12.4. Faktorizalas kiilonbozo6 foku faktorokra.

> PartialFactorDD:=proc(a,x,p) local aa,L,aaa,w,1i;

i:=1; w:=x; aa:=a; L:=[]1;
while i<=degree(aa)/2 do
w:=Rem(wAp,aa,x) mod p;
aaa:=Gcd(aa,w-x) mod p;
L:=[op(L) ,aaa];
if aaa<>1 then
aa:=Quo(aa,aaa,x) mod p:
w:=Rem(w,aa,x) mod p;
fi; i:=1+1;
od; L:=[op(L),aal; end;

PartialFactorDD := proc (a, x, p) (12.4.1)

localaaq, L, aaa, w, .
i:=1;



Wi=X;
aa:= a;
L:=]
whilei <=1/ 2*degree(aa) do
w:= mod(Rem(wAp, aa, x), p);
aaa:= mod(Ged(aa, w — x), p);
L:=|op(L), aaal;
ifaaa<>1 then
aa:= mod(Quo(aa, aaa, x), p);
w:= mod(Rem(w, aa, x), p)
end if;
i=i+1
end do;
L:=|op(L), aal

end proc
> "mod :=mods; x:='x'; a:=xA15-1; debug(PartialFactorDD);

PartialFactorDD(a,x,11);
mod := mods

X=X
a:=x"-1
PartialFactorDD

{--> enter PartialFactorDD, args = xA1l5-1, x, 11
i:=1
Wi=X

aa:=x">—1

L:=1]
wi=x!
aaa:= x> —1
L:= [xs — 1]
aa:=x""+x +1

WZZ—X6 — X



aaar:xut+x5+1

L:= [xs—l, x10+x5+1]

Lﬁﬂxa—wa+x5+Ll]

<-- exit PartialFactorDD (now at top level) = [xA5-1,
XA10+xA5+1, 1]}
X -1, + X +1,1] (12.4.2)

> #
# This procedure find the factorization of the square-free
# polynomial P of the variable X modulo the prime number p in
# the form of product P_i, i=0.. where each P_i has only
degree
# 1 irreducible factors. The 1list of P_i's is given back.
#

degreefactor:=proc(P,X,p) local V,W,D,PP,L,j,d;
V:=P mod p; if degree(V)<1l then RETURN([V]); fi;
L:=[1]; W:=X;
for d while 2*d<=degree(V) do
W:=Powmod(W,p,V,X) mod p; D:=Gcd(W-X,V) mod p;
if D<>1 then V:=Quo(V,D,X) mod p; fi;
L:=[op(L),D]; W:=Rem(W,V,X) mod p;
od;
if degree(V)=d then RETURN([op(L),V]); fi;
if degree(V)>d then L:=[op(L),1$j=d..degree(V),V]; fi;
L; end;
degreefactor := proc(P, X p) (12.4.3)

localV, W, D, PP, L, j, d;

V:=mod(P, p);

if degree(V) < 1 then
RETURN([V])

end if;

L::[lk

W=X

for dwhile?2 *d <= degree(V) do
W:= mod(Powmod(W, p, V, X), p);
DZIIﬂOd(GCd(M/—uK V),p)



ifD <>1 then
V:=mod(Quo(V, D, X), p)
end if;
L:=[op(L), DJ;
W:= mod(Rem(W, V, X), p)
end do;
if degree( V) = d then
RETURN([op(L), V])
end if;
ifd < degree(V) then
L:= [op(L), $(1,j: d..degree(v)), V]
end if;
L

end proc

V 12.5. Hasitas.

> PartialFactorSplit:=proc(a,x,d,p) local t,i;
t:=rand(); t:=convert(t,base,p); t:=add(t[i]l*xA(i-1),i=1..
nops(t));
t:=modpol(t,a,x,p); t:=modpol(tA((pAd-1)/2)-1,a,x,p);
t:=Gcd(t,a) mod p; [t,Quo(a,t,x) mod p]l; end;
Parﬁaﬂ%uﬁorSphtﬁ:proc(a,x,d,p) (12.5.1)

localt, i
t:=rand();
t:= convert(t, base, p);
t:=add(tli]*x~(i—1),i= 1..n0ps(t));
t:= modpol(t, a, x, p);
t:= modpol(t/\(l/Z"‘p/\d— 1/2)—1,a x p);
t:=mod(Ged(t, a), p);
[t, mod(Quo(a, t, x), p)]
end proc

> debug(PartialFactorSplit); PartialFactorSplit(xA5-1,x,1,11);
PartialFactorSplit

{--> enter PartialFactorSplit, args = xA5-1, x, 1, 11



t:=386408307450
t:=10,4,6,3,6,4,9,6,9,9,3,1]
=4x+6X+3xX 46X +4xX +9xX°+6X +9x°+9x7 +3x104+x!!
t=3x+xX+xX+4x*—4
t=2xX-3xX+3xX+3x-5
=X +2x—2
[£+2x—&x3—2£—5x—5]

<-- exit PartialFactorSplit (now at top level) = [xA2+2%*x
-2, XA3-2%xA2-5%*x-5]}

L@+2x—2g@—2x?—5x—5] (12.5.2)
> expand((xA2+2%x-2)*(xA3-2%xA2-5%x-5)) mod 11;
X —1 (12.5.3)

> PartialFactorSplit(xA2+2¥*x-2,x,1,11);
PartialFactorSplit(xA3-2%xA2-5%x-5,x,1,11);
{--> enter PartialFactorSplit, args = xA2+2*x-2, x, 1, 11
t:=694607189265

t:=[0,2,1,7,1,7,3,4,6,8, 4, 2]
HZ2X+£+7X$+f+7X?+3§+4XKHb§+8£+4Xm+2XH

t:=-3x
t:=-1+3x

t:=x—4
[x—&x—S]

<-- exit PartialFactorSplit (now at top level) = [x-4, X
-5]1%
[x—&x—S]

{--> enter PartialFactorSplit, args = XxA3-2%xA2-5*x-5, X,
1, 11

t:= 773012980023
t:=19,10,1,7,4,7,8,1,9,8, 7, 2]
=9+ 10X+ X +7x 44X +7x +8 X0+ X +9x23+8xX7 +7x10 42 x!!

t:=34+5x—x
t:=2X +3x—2
t:=x+2

[x+2;@—4x+3]



<-- exit PartialFactorSplit (now at top level) = [x+2, XxA2
-4*%x+3]}

[x+2, ¥ —4x+3] (12.5.4)
> expand((x-4)*(x-5)) mod 11; expand((x+2)*(xA2-4%*x+3)) mod 11;
2
X +2x-2
X—2xX¥—5x-5 (12.5.5)

> PartialFactorSplit(xA2-4%x+3,x,1,11);
{--> enter PartialFactorSplit, args = xA2-4*x+3, x, 1, 11
t:=730616292946

t:=01,4,7,9,3,91,4,9,1,6, 2]
ti=14+4x4+7X+9xX +3x +9xX + 0 +4x +98 + 0 + 6 x10+2x!!
t:=-4+5X
t:=0
ti=x—4x+3
[%—4x+&1]

<-- exit PartialFactorSplit (now at top level) = [xA2-4%
x+3, 1]}

[ —4x+3,1] (12.5.6)

> PartialFactorSplit(xA2-4¥*x+3,x,1,11);
{--> enter PartialFactorSplit, args = xA2-4*x+3, x, 1, 11
t:=106507053657

t:=1[4, 10, 8,0,0,5,5,9,1, 1, 4]
t=4+10x+8f+5x3+5f+9x7+f+19+4f0

t:=-14+4x
t:=-3+x
t:=-3+x

[-3+x x—1]

<-- exit PartialFactorSplit (now at top level) = [-3+x, X

-11}

[-3+x x—1] (12.5.7)
> expand((x-3)*(x-1)) mod 11;
X —4x+3 (12.5.8)
> PartialFactorSplit(xA10+xA5+1,x,2,11);
[f—29+3x$%§—2f+4x+&XA+Zé+f—5x—2] (12.5.9)

> expand ((XA6-2%xA5+3%xXA4+XA3-2%XA2+4%Xx+5) * (XA4+2%XA3+XA2-5%X



-2)) mod 11;
X0+ +1 (12.5.10)

PartialFactorSplit(xA6-2%xA5+3%XA4+XA3-2%xA2+4%x+5,x,2,11);
PartialFactorSplit(xA4+2%xA3+xA2-5%x-2,x,2,11);
[£+3x—2x5—&€—2£—ﬂx+3]

[ +2xX +¥—5x—2,1] (12.5.11)
expand ((xA2+3%x-2) *(xA4-5%xA3-2%xA2-3*%x+3)) mod 11;
X2 +3x7+xX —2x¥ +4x+5 (12.5.12)

PartialFactorSplit(xA4-5%xA3-2%xA2-3%x+3,x,2,11);
PartialFactorSplit(xA4+2%xA3+xA2-5%x-2,x,2,11);
[f—ﬁxa—Zf—3x+&1]

(¥ +4x+5 ¥ —2x+4] (12.5.13)
expand ((xA2+4%x+5) *(xA2-2%x+4)) mod 11;
2+ —5x-2 (12.5.14)
PartialFactorSplit(xA4-5%xA3-2%xA2-3*x+3,x,2,11);
[1, ¥ -5 -2x¥-3x+3] (12.5.15)
PartialFactorSplit(xA4-5%xA3-2%xA2-3%x+3,x,2,11);
¥ -5 -2x¥—-3x+3,1] (12.5.16)
PartialFactorSplit(xA4-5%xA3-2%xA2-3*x+3,x,2,11);
[¥+x+1,¥+5x+3] (12.5.17)
expand ((xA2+x+1) *(xA2+5%x+3)) mod 11;
o5 —2x¥—-3x+3 (12.5.18)

#

# This procedure try to factor a product P of different
irreducible

# polynomials of X modulo p each known to be the same degree
d.

# The parameter K is the Timit for the random tries. The 1ist
of

# the found factors is given back.

#

fixdegreefactor:=proc(P,X,p,d,K) local T,D,Q,j,i,r;
if degree(P)<=d then RETURN([P]); fi; r:=rand(p);
for i to K do T:=0;

for j to 2*degree(P) do T:=expand(T*X+r()); od;

T:=Powmod (T, (pAd-1)/2,P,X) mod p;

D:=Gcd(P,T+1) mod p;

if degree(D)>0 and degree(D)<degree(P) then

Q:=Quo(P,D,X) mod p;



Q:=fixdegreefactor(Q,X,p
D:=f1ixdegreefactor(D,X,p

f_RETURN([op(D),op(Q)]);
od;1EP]; end;
fixdegreefactor:=proc(P, X, p, d, K)
local T, D, Q, j, i, r
if degree( P) <= d then
RETURN([P])
end if;
rh:rand(p}
forito Kdo
T:=0;
for jto 2 * degree(P) do
T:= expand(T*X+r())

end do;

,d,K);
d,K);

T:= mod(Powmod(T, 1/2*prd—1/2, P, X), p);

D:=mod(Gcd(P, T+1), p);

if0 < degree(D) and degree(D) < degree(P) then

Q:= mod(Quo(P, D, X), p);

Q:= fixdegreefactor(Q, X, p, d, K);
D := fixdegreefactor(D, X, p, d, K);

RETURN([op(D), op(Q)])

end if
end do;
[ P]
end proc

> #

(12.5.19)

# This procedure try to factor a polynomial P of X modulo p.

# The parameter K 1is the 1limit for the random tries.
# The 1ist of the found factors is given back.

#

modfactor:=proc(P,X,p,K) local L,LL,LLL,LLLL,D,j,i,Xx,Y,cC,I,

PP;

L:=[1; c:=1; r:=rand(p); LL:=squarefreefactor(P,X,p);

for i to nops(LL) do



PP:=LL[1];
if degree(PP)=0 then c:=c*PP mod p; next; fi;
LLL:=degreefactor(PP,X,p);
for j to nops(LLL) do
PP:=LLL[j];
if degree(PP)=0 then c:=c*PP mod p; next; fi;
LLLL:=fixdegreefactor(PP,X,p,j-1,K);
D:=map(x->degree(x),LLLL);
if max(op(D))>j-1 then RETURN(FAIL) fi;
D:=map(proc(x,y) [x,y] end,LLLL,1);
dL:=[op(L),op(D)];
od:

od; [c,0p(L)]; end;
modfactor:=proc(P, X, p, K) (12.5.20)
localL, LL, LLL, LLLL, D, j, i, x, y, ¢ t, PP,
L:=1[];
c:=1;
r:=rand(p);
LL:= Squarefreefactor(P, X p);
forito nops(LL) do
pPP:= LL[i;
if degree(PP) = 0 then
c:= mod(c* PP, p);
next
end if;
LLL:= degreefactor(PP, X, p);
for jto nops(LLL) do
pPP:=LLL[jl;
if degree(PP) = 0 then
c:=mod(c* PP, p);
next
end if;
LLLL:= fixdegreefactor(PR XpJj—1, K);
I):=rnap(proc(x)
option operator, arrow,
degree(x)
end proc, LLLL);



ifj — 1 < max(op(D)) then
RETURN(FAIL)
end if;
D:= map(proc(x, y)
[x, ¥]
end proc, LLLL, i);
L:=[op(L), op(D)]
end do
end do;
L op(L)]
end proc

» 13. Az AKS-teszt
» 14. A szita modszerek alapjai
» 15. Szamtest szita

» 16. Vegyes problémak



