Bevezetés a matematikaba

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak.

» 1. Halmazok
» 2. Természetes szamok

Vv 3. A szamfogalom bovitése

> restart;

V¥ 3.1. Egész szamok

V 3.1.1. Osztalyozdas kompatibilitdsa miivelettel.

> “type/ordpair :=proc(x) type(x,list) and nops(x)=2 end;
type/ordpair := proc(x) type(x, list) and nops(x) = 2 end proc  (3.1.1.1)
> 1discompbinop:=proc(X::set,E::set(ordpair), f::procedure)
local x,xx,y,Yyy;
for x in X do for y in X do

if not f(x,y) in X then return false fi;
for xx in X do for yy in X do

if [x,xx] in E and [y,yy]l in E and not [f(x,y),f(xx,yy)
] in E

then return false fi;
od; od; od; od; true; end;

X:={031!2!3!435}; E:={[0!0]![053]![350]![3!313[1!1]![1!4]!
[4,1],[4,4]1,[2,2],[2,5],[5,2],[5,51}; f:=(x,y)->irem(x+y,6)
; iscompbinop(X,E,f);

iscompbinop := proc (Xzset, E: (Set( ordpair) ), f.:procedure)
local x, xx, y, yy;
forxin Xdo
foryin Xdo
if not in(f(x, y), X) then
return false
end if;



for xxin Xdo
foryyin Xdo
ifin([x, xx], E) and in([y, yy],
E) and not in([f(x, y), f(xx, yy)], E) then

return false
end if
end do
end do
end do
end do;
true
end proc
0,1,2,3,4,5}

X::{
E:={[0,0],[0,3],[3,0],[3,3], [1,1],[1,4],[4, 1], [4, 4], [2, 2], [2,
5], [5, 2], [5,5]}

f:= (x, y)—>irem(x+y, 6)
true (3.1.1.2)

V 3.1.2. Példa.

V 3.1.3. Feladat.
V 3.1.4. Osztalyozdas kompatibilitdsa reldcioval.

> 1iscomprel:=proc(X::set,E::set(ordpair),R::set(ordpair))

local x,xx,y,yy;
for x in X do for y 1in X do

for xx in X do for yy 1in X do
if [x,xx] in E and [y,yy] in E and [x,y] in R and not

[xx,yy] in R
then return false fi;

od; od; od; od; true; end;

X:={0,1,2,3}; E:={[0,0]1,[0,2],[2,01,[2,2],[1,11,[1,3],[3,1]
éfiiig%i],[0,3],[2,1],[2,3]}; iscomprel (X,E,R) ;
iscomprel := proc(X:set, E:(set(ordpair) ), R:(set(ordpair)))
local x, xx, y, yy;
forxin Xdo
foryin Xdo
for xxin Xdo
foryyin Xdo



ifin([x, xx], E) and in([y, yv],
E) and in([x, y], R) and not in([xx, yy], R) then

return false
end if
end do
end do
end do
end do;
true
end proc
X:=1{0, 1, 2, 3}

E:={[0,0], [3, 3], [1, 1], [2, 2], [0, 2], [1, 3], [2, 0], [3, 1]}
R:={[0, 3], [0, 1], [2, 1], [2, 3]}
true (3.1.4.1)

V 3.1.5. Példa.
V 3.1.6. Tétel.

> type(5,integer); type(-3,integer); type(0,integer);
true

true
true (3.1.6.1)

> &~ :i=(X,y)->x[1]+y[2]=x[2]+y[1];
&+ 1=(x,y) ->[x[1]+y[1],x[2]+y[2]1];
& i=(x,y)->[x[11*y[1]+x[2]*y[2],x[1]*y[2]+y[1]*x[2]];
“&le :=(x,y)->x[1]1+y[2]<=x[2]+y[1];
[7,4]&~[3,0]; [7,4]1&+[2,6]; [2,1]&*[2,4]; [3,5]&le[2,3];

&~:= (X, y)ox + Y =%+y
&+:= (x, y)—>[x1 Y X ‘H’z]
&= (% V)= [ X Y + % Vo, X Vo + Y X |
&le:= (x, y)—»xl +Vo <X, +);
7=7
[9, 10]
18, 10]
(3.1.6.2)



67 (3.1.6.2)

V 3.1.7. Tétel: N bedgyazdsa Z-be.

V 3.1.8. Az egész szdmok rendezése.

V 3.1.9. Az egész szdmok szorzdsa.

V 3.1.10. Az egész szamok szdmitogépes dbrdzoldsa.
V 3.1.11. Hatvdanyozds egész kitevovel.

> (@A(-1))A5; aA(m+n); expand(%); (a*b)A5;
(aAn)Am; combine(%,power) assuming integer;

(a")™

a (3.1.11.1)

V 3.1.12. Példa.
V 3.1.13. Gyiiriik.

> 1isgrupoid:=proc(G::set,f::procedure) local x,y;
for x in G do for y in G do if not f(x,y) in G then return
false fi;

od; od; true; end;

isgrupoid:= proc( G:set, f:procedure) (3.1.13.1)
local x,
forxin Gdo
foryin Gdo
if not in(f(x, y), G) then
return false
end if
end do
end do;
true
end proc

> neutral:=proc(G::set,f::procedure) local x,y,s,S;
if not isgrupoid(G,f) then return NULL fi;



for x in G do s:=true; for y in G do

if f(x,y)<>y or f(y,x)<>y then s:=false; break; fi;

od; if s then return x fi; od; NULL end;
G:={a,b,c};neutral (G, (x,y)->y) ;neutral (G, (x,y)->Y);
neutral ({0,1,2},(x,y)—>1irem(x+y,3));

neutral := proc( G::set, f:procedure)
localx, y, s, S:
if not isgrupoid(G, f) then
return NULL
end if;
forxin Gdo
S:= true
foryin Gdo
iff(x, y) <>y or f(y, x) <>ythen
s:= false;
break
end if
end do;
if s then
return x
end if
end do;
NULL
end proc
G:={a b, c}
0
> 1issemigroup:=proc(G::set, f::procedure) local x,y,z;
if not isgrupoid(G,f) then return false fi;
for x in G do for y in G do for z in G do

if f(x,f(y,z2))<>f(f(x,y),z) then return false fi;
od; od; od; true end;

issemigroup({a,b,c}, (x,y)->x);
issemigroup({true, false}, (x,y)-> x implies y);

issemigroup := proc( G::set, f:procedure)
localx, y, z
if not isgrupoid(G, f) then

(3.1.13.2)



return false
end if;
forxinGdo

foryin Gdo

forzinGdo
iff(x, f(y, z)) <>f(f(x y), z) then
return false
end if
end do

end do
end do;
true

end proc
true
false (3.1.13.3)
> 1dsgroup:=proc(G::set,f::procedure) local x,y,n,1i;

if not isgrupoid(G,f) then return false fi;
if not issemigroup(G,f) then return false fi;
n:=neutral (G,f); if n=NULL then return false fi;
for x in G do i:=false; for y in G do

if f(x,y)=n and f(y,x)=n then 1i:=true; break fi;
od; if i=false then return false fi; od; true; end;

isgroup({0,1,2}, (x,y)->irem(x+y,3));

isgroup := proc( G::set, f:procedure)

localx, y, n, i

if not isgrupoid(G, f) then
return false

end if;

if not issemigroup(G, f) then
return false

end if;

n:= neutral( G, f);

if n= NULL then
return false

end if;

forxin Gdo
i:= false
foryin Gdo



iff(x, y) =n and f(y, x) = n then
1:= true,
break
end if
end do;
ifi = false then
return false
end if
end do;
true
end proc
true (3.1.13.4)

> 1discommutative:=proc(G::set,f::procedure) local x,y;
if not isgrupoid(G,f) then return false fi;
for x in G do for y in G do
if f(x,y)<>f(y,x) then return false fi;
od; od; true; end;

iscommutative({0,1,2},(x,y)—>irem(x+y,3));

iscommutative := proc( G::set, f:procedure)
local x, y;
if not isgrupoid( G f ) then
return false
end if;
forxin Gdo
foryin Gdo
iff(x, y) <> f(y, x) then
return false
end if
end do
end do;
true
end proc
true (3.1.13.5)

> 1isabeliangroup:=proc(G::set, f::procedure)
isgroup(G, f) and iscommutative(G,f) end;

iscommutative({0,1,2},(x,y)—>irem(x+y,3));



isabeliangroup := proc( G::set, f:procedure)
isgroup(G, f ) and iscommutative( G, f )
end proc
true (3.1.13.6)

> 1dsleftdistributive:=proc(R::set,f::procedure,g: :procedure)
local x,y,z;
if not isgrupoid(R,f) then return false fi;
if not isgrupoid(R,g) then return false fi;
for x in R do for y in R do for z in R do
if glx, f(y,2))<>f(g(x,y),g(x,z)) then return false fi;
od; od; od; true end;
isleftdistributive := proc(R:set, f:procedure, g::procedure) (3.1.13.7)

localx, y, z
if not isgrupoid(R, f) then
return false
end if;
if not isgrupoid(R, g) then
return false
end if;
forxinRdo
foryinRdo
forzinRdo
ifg(x, f(y, z)) <>f(g(x y), g(x, z)) then
return false
end if
end do
end do
end do;
true
end proc
> 1isrightdistributive:=proc(R::set, f::procedure,g: :procedure)
local x,y,z;
if not isgrupoid(R,f) then return false fi;
if not isgrupoid(R,g) then return false fi;
for x in R do for y in R do for z in R do
if g(f(y,2),x)<>f(g(y,x),g(z,x)) then return false fi;

od; od; od; true end;
isrightdistributive := proc(R:set, f:procedure, g::procedure) (3.1.13.8)

localx, y, z
if not isgrupoid(R, f) then
return false



end if;
if not isgrupoid(R, g) then
return false
end if;
forxinRdo
foryinRdo
forzinRdo
ifg(f(y, z), x) <>f(g(y, x), g(z x)) then
return false
end if
end do
end do
end do;
true
end proc
> 1isring:=proc(R::set,f::procedure,g: :procedure)
isabeliangroup(R,f) and issemigroup(R,g)
and isleftdistributive(R,f,g) and isrightdistributive(R,f,

g) end;
isring := proc(R::set, f:procedure, g::procedure) (3.1.13.9)

isabeliangroup(R, f) and issemigroup(R,
g) and isleftdistributive(R, f. g) and isrightdistributive(R, f. g)
end proc

> 1iscommutativering:=proc(R::set, f::procedure,qg: :procedure)
isring(R,f,g) and iscommutative(R,g) end;

iscommutativering := proc(R:set, f:procedure, g::procedure) (3.1.13.10)
isring(R, f g) and iscommutative(R, g)
end proc

> dsringwithunity:=proc(R::set,f::procedure,g: :procedure)
isring(R,f,g) and neutral (R,g)<>NULL end;

isringwithunity := proc (R:set, f:procedure, g:procedure) (3.1.13.11)
isring(R, f g) and neutral(R, g) <> NULL
end proc
> 1isringwithunity ({0}, (x,y) >0, (x,y)->0);
true (3.1.13.12)

> X:={a,b,c}; P:=combinat[powerset] (X);
isring(P, (x,y) ->symmdiff(x,y), (x,y)->{});
X:= {a, b, C}
pP={{}, {a b, {bd {d {ad {a}, {b}, {a b}}

true (3.1.13.13)



V 3.1.14. Példa.

> 1discommutativering(P, (x,y)->symmdiff(x,y),(x,y)->x intersect

y);
isringwithunity(P, (x,y)->symmdiff(x,y), (x,y)->x intersect
y);

true

true (3.1.14.1)

» ->3.1.15. Feladat.
» 3.1.16. Példdk.
» ->3.1.17. Feladat.
V ->3.1.18. Feladat.
V ->3.1.19. Feladat.
V 3.1.20. Az dltaldnos disztributivitds tétele.
> A:=sum(a[i],i=1..4); B:=sum(b[j],j=1..5); A*B; expand(%);
A=a,+a,+a;+a,
B:=b, +b,+b;+b, + bs
(ay+a,+ay+a,) (b, +b,+by+ by + b))
a, b, +a, b,+a by+a b,+a, b;+a,b, +a,b,+a,b;+a,b, (3.1.20.1)
+a, bs +a; b, + a; b, + a; by +a; b, +a; bs +a, b, +a, b,
+a,b;+a, b, +a,bs

P 3.1.21. Nullosztok, integritdsi tartomdny, rendezett integritdsi
tartomadny.

> 3.1.22. Tétel.
> 3.1.23. Tétel.
» ->3.1.24. Feladat.
» ->3.1.25. Feladat.

V 3.2. Racionalis szamok

V 3.2.1. Tétel.



> type(5/7,rational); type(0,rational);
true

true (3.2.1.1)
> &~ i1=(x,y)->x[1]*y[2]=y[1]*x[2];

&+ :1=(x,y)->[x[11*y[2]+x[2]*y[1],x[2]*y[2]1];

& i=(x,y)->[x[1]*y[1],x[2]*y[2]];

“&le :=(x,y)—>(y[11*x[2]-y[2]*x[1])*x[2]*y[2]>=0;
[1,5]&~[2,10]; [1,2]&+[2,3]; [1,2]&*[2,3]; [1,2]&le[2,3];

&~ := (x, y)—»xl Vo=V X
&+:= (x, y)_’[xl Vo V1 X X YZ]
&* = (% ¥) =[x v, % |
&le:= (x, y)—»OS[yl X, — X, yzj Xo Vo
10=10

17, 6]
[2, 6]
0<6 (3.2.1.2)

V 3.2.2. Tétel: Z bedagyazdsa Q-ba.

V 3.2.3. Ferdetest, test, rendezett test.

> 1isskewfield:=proc(R::set, f::procedure,qg: :procedure) local
n;
n:=neutral (R,f); if n=NULL then return false fi;
isring(R,f,g) and isgroup(R minus {n},g) end;

isskewfield:= proc(R:set, f:procedure, g::procedure (3.2.3.1)

local r;
n:=:neutraI(R,f);
if n = NULL then
return false
end if;
isring(R, f, g) and isgroup(minus(R, {n}), g)
end proc

> 1isfield:=proc(R::set,f::procedure,g: :procedure) local n;
n:=neutral(R,f); if n=NULL then return false fi;



isring(R,f,g) and isabeliangroup(R minus {n},g) end;
isfield:= proc(R:set, f:procedure, g::procedure) (3.2.3.2)

local i

n:= neutral(R, f);

if n = NULL then

return false

end if;

isring(R, f, g) and isabeliangroup(minuS(R, {n}), g)
end proc
> &+(0,0):=0; &+(0,1):=1; &+(1,0):=1; &+(1,1):=0;

&%(0,0):=0; &*(0,1):=0; &*(1,0):=0; &*(1,1):=1;

0&+0:=0
0&+1:=1
1&+0:=1
1&+1:=0
0&0:=0
0&1:=0
1&0:=0
1&1:=1 (3.2.3.3)
> 1isfield({0,1}, (x,y) —>x&+y, (X,y) ->x&*y) ;
true (3.2.3.4)

V 3.2.4. Példdk.

> &+ i=(x,y)->irem(x+y,5); &* :=(x,y)->irem(x*y,5); 3&+4;
3&*4;
&+ = (x, y)—>irem(x+y, 5)
&* = (x, y)—»irem(xy, 5)
2
2 (3.2.4.1)

> 3.2.5 Tétel: Q bedgyazdsa rendezett testbe.
V ->3.2.6. Feladat.

» ->3.2.7. Feladat.

» ->3.2.8. Feladat.

» 3.2.9. Feladat.



V 3.3. Valos szamok

> restart;

V 3.3.1. Allitds.

> i:="1': x:=0:
for i from 0 do while

(X+1)A2<2*%10A(2*1) do x:=x+1: od; Xx;

x:=x*10: od;
1
x:=10
14
x:=140
141
x:=1410
1414
x:=14140
14142
x:=141420
141421
x:=1414210
1414213
x:=14142130
14142135
x:=141421350
141421356
x:=1414213560
1414213562
x:=14142135620
14142135623
x:=141421356230
141421356237
x:=1414213562370
1414213562373
x:=14142135623730
14142135623730
Xx:=141421356237300
141421356237309
Xx:=1414213562373090



1414213562373095
x:=14142135623730950
14142135623730950
x:=141421356237309500
141421356237309504
x:=1414213562373095040
1414213562373095048
x:=14142135623730950480
14142135623730950488
x:=141421356237309504880
141421356237309504880
x:=1414213562373095048800
1414213562373095048801
x:=14142135623730950488010
14142135623730950488016
x:=141421356237309504880160
141421356237309504880168
x:=1414213562373095048801680
1414213562373095048801688
x:=14142135623730950488016880
14142135623730950488016887
x:=141421356237309504880168870
141421356237309504880168872
x:=1414213562373095048801688720
1414213562373095048801688724
x:=14142135623730950488016887240
14142135623730950488016887242
x:=141421356237309504880168872420
141421356237309504880168872420
x:=1414213562373095048801688724200
1414213562373095048801688724209
x:=14142135623730950488016887242090
14142135623730950488016887242096
x:=141421356237309504880168872420960
141421356237309504880168872420969
x:=1414213562373095048801688724209690
1414213562373095048801688724209698
x:=14142135623730950488016887242096980



14142135623730950488016887242096980
x:=141421356237309504880168872420969800
141421356237309504880168872420969807
x:=1414213562373095048801688724209698070
1414213562373095048801688724209698078
x:=14142135623730950488016887242096980780
14142135623730950488016887242096980785
x:=141421356237309504880168872420969807850
141421356237309504880168872420969807856
x:=1414213562373095048801688724209698078560
1414213562373095048801688724209698078569
x:=14142135623730950488016887242096980785690
14142135623730950488016887242096980785696
x:=141421356237309504880168872420969807856960
141421356237309504880168872420969807856967
x:=1414213562373095048801688724209698078569670
1414213562373095048801688724209698078569671
x:=14142135623730950488016887242096980785696710
14142135623730950488016887242096980785696718
x:=141421356237309504880168872420969807856967180
141421356237309504880168872420969807856967187
x:=1414213562373095048801688724209698078569671870
1414213562373095048801688724209698078569671875
x:=14142135623730950488016887242096980785696718750
14142135623730950488016887242096980785696718753
x:=141421356237309504880168872420969807856967187530
141421356237309504880168872420969807856967187537
x:=1414213562373095048801688724209698078569671875370
1414213562373095048801688724209698078569671875376
x:=14142135623730950488016887242096980785696718753760
14142135623730950488016887242096980785696718753769
x:=141421356237309504880168872420969807856967187537690
141421356237309504880168872420969807856967187537694
x:=1414213562373095048801688724209698078569671875376940
1414213562373095048801688724209698078569671875376948
x:=14142135623730950488016887242096980785696718753769480
14142135623730950488016887242096980785696718753769480
x:=141421356237309504880168872420969807856967187537694800



141421356237309504880168872420969807856967187537694807
x:=1414213562373095048801688724209698078569671875376948070

1414213562373095048801688724209698078569671875376948073
x:=14142135623730950488016887242096980785696718753769480730
14142135623730950488016887242096980785696718753769480731
x:=141421356237309504880168872420969807856967187537694807310
141421356237309504880168872420969807856967187537694807317
x:=1414213562373095048801688724209698078569671875376948073170
1414213562373095048801688724209698078569671875376948073176
X:i=
1414213562373095048801688724209698078569671875376948073\
1760
14142135623730950488016887242096980785696718753769480731766
X:i=
141421356237309504880168872420969807856967187537694807 3\
17660
141421356237309504880168872420969807856967187537694807317667
X:i=
1414213562373095048801688724209698078569671875376948073\
176670
1414213562373095048801688724209698078569671875376948073176679
X:i=
141421356237309504880168872420969807856967187537694807 3\

1766790
1414213562373095048801688724209698078569671875376948073176679\

7
X:i=
1414213562373095048801688724209698078569671875376948073\

17667970
1414213562373095048801688724209698078569671875376948073176679\

73
X:i=
1414213562373095048801688724209698078569671875376948073\

176679730
1414213562373095048801688724209698078569671875376948073176679\

737
X:i=
141421356237309504880168872420969807856967187537694807 3\



1766797370
1414213562373095048801688724209698078569671875376948073176679\
7379

1414213562373095048801688724209698078569671875376948073\
17667973790

1414213562373095048801688724209698078569671875376948073176679\
73799

1414213562373095048801688724209698078569671875376948073\
176679737990

1414213562373095048801688724209698078569671875376948073176679\
737990

141421356237309504880168872420969807856967187537694807 3\
1766797379900

1414213562373095048801688724209698078569671875376948073176679\
7379907

1414213562373095048801688724209698078569671875376948073\
17667973799070

1414213562373095048801688724209698078569671875376948073176679\
73799073

141421356237309504880168872420969807856967187537694807 3\
176679737990730

1414213562373095048801688724209698078569671875376948073176679\
737990732

141421356237309504880168872420969807856967187537694807 3\
1766797379907320

1414213562373095048801688724209698078569671875376948073176679\
7379907324

141421356237309504880168872420969807856967187537694807 3\
17667973799073240

1414213562373095048801688724209698078569671875376948073176679\
73799073247



141421356237309504880168872420969807856967187537694807 3\
176679737990732470

1414213562373095048801688724209698078569671875376948073176679\
737990732478

141421356237309504880168872420969807856967187537694807 3\
1766797379907324780

1414213562373095048801688724209698078569671875376948073176679\
7379907324784

1414213562373095048801688724209698078569671875376948073\
17667973799073247840

1414213562373095048801688724209698078569671875376948073176679\
73799073247846

141421356237309504880168872420969807856967187537694807 3\
176679737990732478460

1414213562373095048801688724209698078569671875376948073176679\
737990732478462

141421356237309504880168872420969807856967187537694807 3\
1766797379907324784620

1414213562373095048801688724209698078569671875376948073176679\
7379907324784621

1414213562373095048801688724209698078569671875376948073\
17667973799073247846210

1414213562373095048801688724209698078569671875376948073176679\
73799073247846210

141421356237309504880168872420969807856967187537694807 3\
176679737990732478462100

1414213562373095048801688724209698078569671875376948073176679\
737990732478462107

141421356237309504880168872420969807856967187537694807 3\
1766797379907324784621070



1414213562373095048801688724209698078569671875376948073176679\
7379907324784621070

1414213562373095048801688724209698078569671875376948073\
17667973799073247846210700

1414213562373095048801688724209698078569671875376948073176679\
73799073247846210703

1414213562373095048801688724209698078569671875376948073\
176679737990732478462107030

1414213562373095048801688724209698078569671875376948073176679\
737990732478462107038

141421356237309504880168872420969807856967187537694807 3\
1766797379907324784621070380

1414213562373095048801688724209698078569671875376948073176679\
7379907324784621070388

1414213562373095048801688724209698078569671875376948073\
17667973799073247846210703880

1414213562373095048801688724209698078569671875376948073176679\
73799073247846210703885

141421356237309504880168872420969807856967187537694807 3\
176679737990732478462107038850

1414213562373095048801688724209698078569671875376948073176679\
737990732478462107038850

141421356237309504880168872420969807856967187537694807 3\
1766797379907324784621070388500

1414213562373095048801688724209698078569671875376948073176679\
7379907324784621070388503

141421356237309504880168872420969807856967187537694807 3\
17667973799073247846210703885030

1414213562373095048801688724209698078569671875376948073176679\
73799073247846210703885038



141421356237309504880168872420969807856967187537694807 3\
176679737990732478462107038850380

1414213562373095048801688724209698078569671875376948073176679\
737990732478462107038850387

1414213562373095048801688724209698078569671875376948073\

1766797379907324784621070388503870
1414213562373095048801688724209698078569671875376948073176679\

7379907324784621070388503875

1414213562373095048801688724209698078569671875376948073\

17667973799073247846210703885038750
1414213562373095048801688724209698078569671875376948073176679\

73799073247846210703885038753

1414213562373095048801688724209698078569671875376948073\

176679737990732478462107038850387530
1414213562373095048801688724209698078569671875376948073176679\

737990732478462107038850387534

1414213562373095048801688724209698078569671875376948073\
1766797379907324784621070388503875340
1414213562373095048801688724209698078569671875376948073176679)\
7379907324784621070388503875343
Warning, computation interrupted

» 3.3.2. Arkhimédészi tulajdonsdg.
» 3.3.3. Allitas.

> 3.3.4. Allitas.

» #3.3.5. Tétel.

» 3.3.6. Tétel.

V 3.3.7. Valos szdamok.

> abs(7.4); abs(-3); abs(0); signum(7.4); signum(-3); signum

0;
7.4

3
0



1
-1
0 (3.3.7.1)

> floor(3.14); ceil(3.14); ceil(-3.14);
3

4
-3 (3.3.7.2)

> Rmod:=proc(x::realcons,y::realcons) if y=0 then x else x-
floor(x/y)*y fi; end;

Rmod(5,0); Rmod(3.1415,2.78);

Rmod := proc(x::realcons, y.:realcons)

ify = 0 then

X
else

x — floor(x/y)*y
end if

end proc
5
0.3615 (3.3.7.3)

V 3.3.8. Bovitett valos szamok.

V 3.3.9. Valos szamok kerekitése és fixpontos dbrdzoldsa
szamitogépben.

V 3.3.10. Valos szdamok lebegdépontos dbrdazoldsa szamitogépben.
» 3.3.11. Tétel: a valos szdamok létezése.

» #3,3.12. A valos szdmok mds bevezetései.

V 3.3.13. Tétel: gyokvonds.

» 3.3.14. Kovetkemény.

V 3.3.15. A természetes, az egész és a raciondlis szamok bevezetése
a valos szamok segitségével.

» ->3.2.16. Feladat.
» ->3.2.17. Feladat.
» 3.2.18. Feladat.
» 3.2.19. Feladat.
» 3.2.20. Feladat.



» 3.2.21. Feladat.

» ->3.2.22. Feladat.
» 3.2.23. Feladat.

» 3.2.24. Feladat.

» 3.2.25. Feladat.

» ->3.2.26. Feladat.
V ->3.2.27. Feladat.
» ->3.2.28. Feladat.
» ->3.2.29. Feladat.
» ->3.2.30. Feladat.
» 3.2.31. Feladat.

» 3.2.32. Feladat.

» 3.2.33. Feladat.

V 3.2.34. Feladat: oroknaptar.
» 3.2.35. Feladat.

» ->3.2.36. Feladat.
» ->3.2.37. Feladat.
» 3.2.38. Feladat.

» 3.2.39. Feladat.

» 3.2.40. Feladat.

» 3.2.41. Feladat.

» 3.2.42. Feladat.

» 3.2.43. Feladat.

» 3.2.44. Feladat.

» 3.2.45. Feladat.

» 3.2.46. Feladat.

» 3.2.47. Feladat.

» #3,2.48. Feladat.
» 3.2.49. Feladat.

» #3.2.50. Feladat.
» 3.3.51. Tovdbbi feladatok.

V¥ 3.4. Komplex szamok



> restart;

V 3.4.1. Komplex szdmok.

> &+ :=proc(z,w) [z[1]1+w[1],z[2]+w[2]1] end;

&% :=proc(z,w) [z[1]*w[1]-z[2]*w[2],z[1]*w[2]+z[2]*w[1]]
end;

[x,yl&+[0,0]; [x,yl&+[-x,-yl; [x,yl&*[1,0];

[x,yl&*[x/(xA2+yA2) ,-y/(xA2+yA2)]; simplify(%);
[0,1]&*[0,1];

&+ ::proc(z, w) [2[1] + w[l], 2[2] +w[2]] end proc
&"‘:zproc(z, w)

[Z[1]*wl1] = z[2]*w[2], z[1]*w[2] + z[2]*w[1]]
end proc

2 .Y
Ziy

[1, 0]

[-1, 0] (3.4.1.1)

> Complex(3,5); z:=3+5*%I; w:=-2-6%I; z*w; Re(2); Im(2);
conjugate(z);

3+5I1
z:=34+51
wi=-2—-61
24 — 281
3
5

351 (3.4.1.2)
> z:="z'";w:="w'; conjugate(z);

conjugate(conjugate(z)) ;conjugate(z+w) ;expand(%) ;conjugate

(1/2);



N NI

Z+WwW
zZ+w

(3.4.1.3)

N [ =

V 3.4.2. Példa.

> 64/(3A(1/2)+I); evalc(%);
64

J3 +1

163 —161 (3.4.2.1)

V 3.4.3. Komplex szdm abszoliit értéke.

> z:=x+I*y;abs(z);evalc(%);evalc(1l/(x+I*y)) ;evalc(conjugate

(z) /abs(2)A2);
Z:=Xx+1y

|x+1ﬂ

x 1y
X+yY X+
X Iy
2 +_}; 2 +_)2 (3.4.3.1)
> signum(3+4*I); signum(-5); signum(0);
5 5
-1
0 (3.4.3.2)

» ->3.4.4. Feladat.
» ->3.4.5. Feladat.
V ->3.4.6. Feladat.

> evalc(2/(1-I)/(B+I)); evalc(1/(3+4%I)A2); evalc((2+I)/I/(
-3+4%1));
evalc((BA(1L/2)+I)/(1-I)/(3A(1/2)-1)); simplify(%);
evalc(1/I/(3-2*I)/(1+I)); evalc(1/(1-I)/(1-2*I)/(1+2*I));



724
625 625
11 2
25 * ZSI
1 (1 1 1 1 1 (1 1
A3 - (V3 =23 =+ | = V3 += |3
4[2J— 2} 8 8+[4[2 +2]J—
1 1
+ -3 —<
8 8}
S S R N
4 4
15,
26 26
1 1
10 + 10 I (3.4.6.1)

V ->3.4.7. Feladat.

V 3.4.8. Feladat.

V 3.4.9. Feladat.

V 3.4.10. Komplex szdm argumentuma és trigonometrikus alakja.

> polar(x+I*y); op(1,%); op(2,%%); polar(3+4*I); evalc(%);
argument (3+I%4);
polar(|x + 1)}, argument(x +1y))

|x+1ﬂ
argument(x +1y)

polar[S, arctan{% J ]
3+41
arctan[%] (3.4.10.1)

V 3.4.11. Példa.

> z:=16*sqrt(3)-I*16; polar(2);
Z:= 16\/?—161

polar[32, —% TCJ (3.4.11.1)



» 3.4.12. Gyokvonds komplex szdambodl.
V 3.4.13. Példa.

> z:="z2"; 1:="1"; w:=16*sqrt(3)-I*16; solve(zA5=w,z); zl:=wA

(1/5);
r:=abs(w); phi:=argument(w);

rA(1/5)*(cos(phi/5+i*2*Pi/5)+I*sin(phi/5+i*2*Pi/5))$i=0..4;
eval f(%);

solve(zA5=1); map(z->evalf(z*zl),[%]);

Z:=2
I:=1
wi=163 —161
Warning, solutions may have been lost
21:= (1643 —161)"°
r:=32
1

d)ZZ—ETC

321/° [sin[i 'rc] —Icos[l w]],
15 15
321/° shn[ié—wJ-+Icos{J;—n]],
15 15
. 4 4 1/5] 1 1
¢ nl orf oo (1731
3 sin G m | +1cos 15 || 3 > J?f > L)
32173 ﬂn{—L—w]-—Icos{QL-w]]
15 15
1.989043791 — 0.20905692581, 0.8134732860 + 1.827090915 ],
-1.486289651 + 1.3382612121 -1.732050808 — 1.000000000 [,
0.4158233818 —1.9562952011
Warning, solutions may have been lost

L+ 5+ V25475,
e R R
—— 55512545,




VS-SV 545

[1.989043791 —0.2090569265 1, 0.8134732858 + 1.827090915 ],

~1.486289651 + 1.3382612121,
~1.732050807 — 0.9999999996 I,
0.4158233815 — 1.956295201 1]

V 3.4.14. Az algebra alaptétele.

(3.4.13.1)

> fi=(x-1)A2*(x-2); f:=expand(f); solve(f,x); solve(xA3=1,x);

r:=[%];

fi=

(x—1)*(x—2)

f:x3—4£+5x—2
Warning, solutions may have been lost

2, 1,1

Warning, solutions may have been lost
1 1 1 1
,——+=1Jy3,-———=1y3
2 +-2 V3 2 2 V3

r:=11, -

V ->3.4.15. Feladat.
V ->3.4.16. Feladat.
» ->3.4.17. Feladat.
V 3.4.18. Feladat.

» 3.4.19. Feladat.

V 3.4.20. Feladat.

V 3.4.21. Feladat.

» ->3.4.22. Feladat.
» ->3.4.23. Feladat.
P ->3.4.24. Feladat.
» ->3.4.25. Feladat.
» 3.4.26. Feladat.

V 3.4.27. Feladat.

V 3.4.28. Kvaterniok.

1
2

1 11
S 13, = - =1
+5 W3, -5 =5 3

> &+ i:=(p,q)->[p[11+ql[1],p[2]+q[2]];

(3.4.14.1)



‘&% :=(p,q)->[p[11#q[1]-conjugate(q[2])*p[2]1,q[2]*p[1]1+p[2]
*conjugate(q[1])];
&+:= (p, CI)—’[P1 Tay Pyt 6]2]

&= (p, a)-|p,ay—a Py Py G+ P, a4y | (3.4.28.1)
> p:=[a+I*b,c+I*d]; p&+[0,0]; p&+[-a-I*b,-c-I*d];
p;[a+lhc+ld

la+1b, c+1d|
[0, 0] (3.4.28.2)

> p&*[1,0]; [1,0]&%p;

q:=[(a-I*b)/(ar2+bA2+cA2+dA2), (-c-I*d) /(aA2+bA2+cA2+dA2)];
p&*q;evalc(%) ;simplify(%); q&*p;evalc(%);simplify(%);

la+1b, c+1d|
la+1b, c+1d|

g:= a—1Ib -c—1d
|+ +E+E PP+ E+ P
(a+1b) (a—1b) —c—1d (
— c+1d),
A+ +E+d P +E+E

(a+1b) (-c—1d) a—1b
F+D+E+ & F+b+E+ &
a + b & N &
F+V+E+d F+bV+E+d A+ +E+ A
—-ac+bd ca B db
VP +E+d P+ +E+d A+ +E+d
-bc—ad n da N chb H
AV +E+dE AV +E+d A+ P+ E+ L
[1, 0]
(a+1b)(a—lb)__EITB(—C—Id)
F+V+E+d AV +E+E]
(a—lb)(c+1d)_F(—c—Id)EITE
AV +E+dE PV +E+ A
a + b ¢+ d 0‘
EC+V+E+d A+ +E+ A
(1, 0] (3.4.28.3)
w';zl:="zl1";p:=[z,w]l;pl:=[z1,wl];p2:=[z2,w2];

+ (c+1d)

+1

=
Il



p&* (pl&*p2) ; expand (%) ; (p&*pl) &*p2;expand(%) ;

Z:=2Z
wWi=Ww
zl:=271
p:=z w]
pl:= [21, Wl]
p2.= [22, W2]
[z(zl ZZ—VZWIJ —zIlw2+ le2w,

z(zl w2+ WIZ_Z) +wzl ZZ—WZW]]

[zzl 72— 7w2wl—wzl w2 — WZZW,

271 w2+ zwlz2+wzl 22—ww2w1]

[(zzl —Ww) ZZ—W—Z(ZWI +WZ),
(zzl —wi W) w2+ (zwl +WZ) 2_2]

[zzl 72— wz2wl—zw2wl —W—ZWZ, (3.4.28.4)
zz1 W2—ww2ﬁ+zwlz_2+z_2wﬂ]

> p&*(pl&+p2) ; expand (%) ; (p&*pl) &+ (p&*p2) ;
(p1&+p2) &*p;expand(%) ; (p1&*p) &+ (p2&*p) ;
[z (zl +22) —wl+w2w, z (wl +w2) +wzl +22]
[zzl +772—wl W—WVZ, Zzwl+zw2+ WZ-I—WZ_Z]

[zzl +722—wl W—WVZ, ZWl+zw2+ WZ-FWZ_Z]
|z (z1+22) —w(wl+w2), (z1+22) w+ (Wwl+w2) z]
lzz1+z22—wwl—ww2 wzl+wz2+ zwl + zw?2|

lzz14+2z22—wwl—ww2 wzl+wz2+ zwl+ zw2] (3.4.28.5)
> j:=[0,1]; j&*3; [2,0]&+([w,0]&*j);
ji=10,1]
[_1’ 0]
[z, W] (3.4.28.6)

> k:=[0,I]; k&*k; i:=[I,0]; 1i&*i; [a,0]1&+([b,0]&*1)&+([c,0]&*
3)&+([d,0]&*k) ;
k:= [O, I]
-1, 0]
i:=[1,0]
-1, 0]
la+1b, c+1d] (3.4.28.7)
> p:=[a+I*b,c+I*d]; evalc([x,0]&*p); evalc(p&*[x,0]);



p:=la+1b, c+1d]
[xa+1xb, xc+1xd
[xa+1Ixb, xc+1xd| (3.4.28.8)

> j&*[z,0]; [z,01&*j; _
[0, Z]

[0, Z] (3.4.28.9)
> 1&*%j; j&*k; k&*i; j&*i; k&*j; i&*k;

[0, 1]

[1, 0]

[0, 1]

[0, 1]

-1 0]

[0, 1] (3.4.28.10)
> d:="1"; j:="j"; k:="k';

C2toR4:=g->evalc(Re(q[1])+Im(q[1])*1+Re(q[2])*j+Im(q[2]1) *k)
; :=C2toR4(p);

i
J
k

N~ o~

C2toR4:= g—evale(R(a, ) +3(a,) i+R(a,) j+3(a,) k)
Ggi=a+bitcj+dk (3.4.28.11)

> R4toC2:=q->[q-coeff(q,i)*i-coeff(q,j)*j-coeff(q,k)*k+I*
coeff(q,i),coeff(q,j)+I*coeff(q,k)]; R4toC2(q);

R4toC2:= q— | q — coeff(q, 1) i— coeff(q, j) j— coeff(q, k) k
+1coeff(aq, i), coeff(aq, j) +1coeff(q, k)]
la+1b, c+1d] (3.4.28.12)
> qlIm:=q->coeff(q,i)*i+coeff(q,j)*j+coeff(q,k)*k;qRe:=q->q-
aqIm(q); qRe(q); gIm(q);

glm:= q— coeff(q, i) i+ coeff(q, j) j+ coeff(q, k) k
gRe:=q—q—qlm(q)
a
bi+cj+dk (3.4.28.13)

> qconjugate:=q->qRe(q)-qIm(q); qconjugate(q);



gconjugate := g—qRe(q) — qgim(q)
a—-bi—cj—dk (3.4.28.14)
> ¢; qconjugate(q); qconjugate(%); g+qconjugate(q); q-

qconjugate(q);
a+bi+cj+dk

a—bi—cj—dk
a+bi+cj+dk
2a
2bi+2cj+2dk (3.4.28.15)
> ql:=al+bl*i+cl*j+dl*k; q2:=a2+b2*i+c2*j+d2%k;

ql+q2; collect(%,[1,7,k]l); &+ :=(ql,g2)->collect(ql+q2,[i,
i.k1); ql&+q2;

“&* :=proc(ql,q2) local al,a2,bl,b2,cl,c2,dl,d2;
al:=qRe(ql) ;a2:=qRe(qg2) ;bl:=coeff(ql, i) ;b2:=coeff(qg2,i);
cl:=coeff(ql,j);c2:=coeff(qg2,j);dl:=coeff(ql,k);d2:=coeff
(q2,k);
(al*a2-bl*b2-cl*c2-d1*d2)+(al*b2+a2*bl+cl*d2-d1*c2)*i+
(al*c2+cl*a2+d1*b2-b1l*d2)*j+(al*d2+d1l*a2+bl*c2-cl*b2)*k;
end;

q1&+*q2;
gconjugate(ql&+qg2); qconjugate(ql)&+qconjugate(q2);

gconjugate(ql&*qg2) ;qconjugate(q2)&*qconjugate(ql) ; expand
(%%-%) ;

ql:=al+bli+clj+dlk
q2:=a2+b2i+c2j+d2k
al+bli+clj+dlk+a2+b2i+c2j+d2k
(b1+b2)i+(c2+cl)j+(d2+d1) k+al+a2
&+:= (g1, g2)—collect( g1 + g2, [i, j, k])
(b1+b2)i+(c2+cl)j+(d2+d1) k+al+a2
&*:=proc(qgl, g2)
localal, a2 b1, b2, cl, c2, d1, d2,
alk:qRe(qI}
a2:=:qRe(q2);
b1:= coeff(ql, i);
b2:= coeff(g2, i);
¢l := coeff(q1, j);



c2:= coeff(q2, j);
dl = coeff(ql, k);
d2 = coeff(g2, k);
al*a2 — b1*b2 — cl1*c2 — d1*d2+ (al*b2 + a2* bl
+cl*d2—dl*c2)*i+ (al*c2+cl*a2+d1*b2 — b1*d2)*j
+ (al*d2+dl*a2+bl*c2 — cl1*b2)*k

end proc

ala2—blb2—clc2—dld2+ (alb2+a2bl+cld2—dilc2)i
+(alc2+cla2+dib2—b1d2)j+ (ald2+dla?
+blc2—clb2)k

al+a2—(b1+b2)i—(c2+c1)j—(d2+dl) k
(-b1—b2) i+ (-c2—c1)j+ (-d2—d1) k+al + a2

al a2 —bl b2—clc2—dld2— (al b2+ a2bl
+cld2—dic2)i—(alc2+cla2+dlb2—-b1d2)j— (ald2
+dla2+blc2—clb2)k

al a2—blb2—clc2—dld2+ (-a2bl —alb2+dlc2—cld2)i
+(~c1a2—alc2+b1d2—dib2)j+ (-dla2—ald2
+clb2—blc2)k

0 (3.4.28.16)

V 3.4.29. Kvaterniok abszoliit értéke.

> qabs:=q->sqrt(qRe(q)A2+coeff(q,i)A2+coeff(q,j)A2+coeff(q,k)
A2);

qabs(q); g&*qconjugate(q);

gabs:= q—+ qRe(q)" + coeff(g, i)* + coeff(aq, j)° + coeff(aq, k)°
Ja&+V ++ &
@+ +E+ & (3.4.29.1)

» ->3.4.30. Feladat.
V #3.4.31. Vektoridlis szorzds.
V #3.4.32. Kvaterniok és a haromdimenzios euklidészi tév.

> ql:=bl*i+cl*j+dl*k; q2:=b2*i+c2*j+d2*%k; ¢3:=b3*i1+c3*j+d3%k;

scalarprod:=(ql,g2)->-gRe(ql&*q2); scalarprod(ql,q2);



vectorprod:=(ql,q2)->qIm(ql&*q2); vectorprod(ql,q2);

mixedprod:=(ql,qg2,q3)->scalarprod(ql,vectorprod(g2,q3));
mixedprod(ql,q2,q3);
ql:=bli+clj+dlk
q2:=b2i+c2j+d2k
q3:=b3i+c3j+d3k
scalarprod:= (g1, g2) »—-qRe(ql &  g2)
bl b2+ clc2+dld2
vectorprod := (ql, q2) —>qu(611 &* q2)
(c1d2—dic2)i+ (dl1b2—b1d2)j+ (blc2—clb2)k
mixedprod:= (ql, q2, q3)— scalarprod(q1, vectorprod(q2, q3))
b1 (c2d3—d2c3) +cl1(d2b3—b2d3)+dl(b2c3—c2b3)  (3.4.32.1)

V #3.4.33. A szorzdsok geometriai jelentése.
V #3.4.34. Forgatdsok.

V #3.4.35. A skaldris es vektoridlis szorzds geometriai
alkalmazasai.

V * 3.4.36. Oktdvok vagy Cayley-szamok.
V ->3.4.37. Feladat.

V ->3.4.38. Feladat.

V #3.4.39. Feladat.

» 3.4.40. Tovdbbi feladatok megolddsokkal.
» 3.4.41. Tovdbbi feladatok.

» 4. Véges halmazok

» 5. Végtelen halmazok
» 6. Szamelmélet

» 7. Grafelmélet

» 8. Algebra



» 9. Kddolas

» 10. Algoritmusok



