Kalkulus 1.

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak

» 1. Halmazok

» 2. Szamok

» 3. Hatarerték

» 4. Differencialszamitas

V 5. Integralszamitas

> restart;

V¥ 5.1. Primitiv fliggvények

V 5.1.1. Primitiv fiiggvény.

> int(cos(x),x); int(x/(xA3-1),x);
sin(x)

—% 1n(x2+x+ 1) +%\/?arctan[% (2x+1)\/?] +%ln(x—1) (5.1.1.1)

> Student[Calculusl][AntiderivativeTutor]();
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» 5.1.2. Tagonkénti integrdldas hatdrozatlan integrdlokra.

» 5.1.3. Parcidlis integrdlds hatdrozatlan integrdlokra.

P 5.1.4. Helyettesitéses integrdlds hatdarozatlan integrdlokra.
P 5.1.5. Megjegyzés.

» 5.1.6. Tétel.

V 5.1.7. Alapintegrdlok.

> int(xAn,x);
Xn+1

5.1.7.1
n+1 ( )

> int(1/(1+xA2),x);
arctan(x) (5.1.7.2)
> int(exp(x),x);
e (5.1.7.3)



> int(sin(x),x);

—cos(x)
> 1int(cos(x),x);
sin(x)
> int(sinh(x),x);
cosh(x)
> int(cosh(x),x);
sinh(x)
> int(1/cosh(x)A2,x);
sinh(x)
cosh(x)
> int(xAn,Xx);
Xn+1
n+1
> int(1/x,x);
ln(x)
> int(1/sinh(x)A2,x);
_cosh(x)
sinh(x)
> int(xAn,x);
Xn+1
n+1
> int(1/sqrt(1-xA2),x);
arcsin(x)
> int(1/sin(x)A2,x);
_cos(x)
sin(x)
> int(1/cos(x)A2,x);
sin(x)
cos(x)

» 5.1.8. Megjegyzés.
V 5.1.9. Példdk.

> Student[Calculusl][IntTutor](Q;

‘[sin(x)2 dx

» 5.1.10. Tétel.
V 5.1.11. Elemien integrdlhato fiiggvények.

(5.1.7.4)

(5.1.7.5)

(5.1.7.6)

(5.1.7.7)

(5.1.7.8)

(5.1.7.9)

(5.1.7.10)

(5.1.7.11)

(5.1.7.12)

(5.1.7.13)

(5.1.7.14)

(5.1.7.15)

(5.1.9.1)



> int(exp(xA2),x); int(cos(xA2),x); int(sin(xA2),x); int(sin
) /x,x);
int(cos(xX)/x,x); int(exp(x)/x,x); int(sqrt(1+xA3),x); int

(1/Tn(x) ,x);
_% 17 erf(Ix)

1 \/?x
> ﬁﬁFresnelC[?J

1 ﬁx
5 ﬁ\/?FresneIS[ I ]
Si(x)

Ci(x)

—Fi(1, —x)

1 1 1
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| S |
2 2[§ 2 2J? > T V3
3 1
2 4=
. x+1 2 +2 \/?
EllipticF 3 1 , 3 ]
___I = . =
2 ZJ? 2 ZJ?
~Ei(1, -In(x)) (5.1.11.1)

V 5.1.12. Segédtétel.

> f:=xA3+1; g:=xA2-3; gcdex(f,g,x,'u’','v'); f*u+g*v; expand

(%) ;
fi=1 +x
g:=x2—3
1

(1+) [—%6+2i6x]+(x2—3) [—i ixz—i-ix]

1 (5.1.12.1)



V 5.1.13. Parcidlis tortekre bontds tétele.

> convert(xA2/(xA3+1),parfrac,x);
1 2x—1 1

S +
3 ¥—x+1 3(x+1)

(5.1.13.1)

» 5.1.14. Raciondlis tortfiiggvények integrdldsa.

» 5.1.15. Raciondlis tortfiiggvények integrdldsdra visszavezetheto
integralok.

V¥ 5.2. Hatarozott integral
> restart,;

V 5.2.1. Definicio.

> Student[Calculusl] [ApproximateIntTutor]Q;
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» 5.2.2. Tétel.

» 5.2.3. Tétel: az integrdl egyértelmiisége.

» 5.2.4. Tétel: komplex értékii fiiggvények integrilja.
» 5.2.5. Tétel: az integril linearitdsa.

» 5.2.6. Tétel: az integrdl nemnegativitdsa.

» #5.2.7. Tétel: Cauchy-kritérium.

» #5.2.8. Segédtétel.

V 5.2.9. Tétel: az integril intervallum-additivitdsa.

> Student[Calculusl][IntTutor] (xA3,x=0..3);
3 2 3
Xdx=| Xdx+ | X dx (5.2.9.1)

0 0 2

» 5.2.10. Definicio.



» 5.2.11. Nullahalmazok.

» 5.2.12. Lebesgue-feltétel.

P 5.2.13. Kovetkezmény.

> 5.2.14. Tétel.

» 5.2.15. Megjegyzés.

> 5.2.16. Az integrdl, mint a felsé hatdr fiiggvénye.
» 5.2.17. Kovetkezmény.

V 5.2.18. Newton-Leibniz-formula.

> Student[Calculusl][IntTutor] (sin(x)A2,x=0..Pi);

J sin(x)2 dx = 1 T
0 2

V 5.2.19. Parcidlis integrdlds hatdrozott integrdlokra.

> Student[Calculusl] [IntTutor] (x*exp(x) ,x=-1..1);
1

[ xeXdx=2¢e "

-1

(5.2.18.1)

(5.2.19.1)

V 5.2.20. Helyettesitéses integrdlds hatdrozott integrdlokra.

> Student[Calculusl][IntTutor](1/(1+cos(x)),x=-Pi/2..Pi/2);
1

- T

2

1
———dx=2
{ 1—|—cos(x)

1

-5 T

2

V 5.2.21. Tétel.

> int(1l/sqrt(x),x=0..1);
2

V 5.2.22. Példdk.

(5.2.20.1)

(5.2.21.1)

> int(xAa,x=0..1) assuming a<0 and -1<a; int(xAa,x=0..1)

assuming a<=-1;
1
a+1

2N aYaY



o0 (5.2.22.1)

> int(1/x,x=-1..1);
undefined (5.2.22.2)

P 5.2.23. Megjegyzés.

> 5.2.24. Abszoliit integrdlhato firiggvények.
> 5.2.25. Tétel.

P 5.2.26. Improprius integradl.

V 5.2.27. Példdk.

> 1int(xAa,x=1..1infinity) assuming a<-1;
1
a+1

> int(xAa,x=1..infinity) assuming a>=-1;
0 (5.2.27.2)

> 1int(exp(a*x),x=0..infinity) assuming a<0;

_1 (5.2.27.3)

a

(5.2.27.1)

> 1int(exp(a*x),x=0..infinity) assuming a>=0;
0 (5.2.27.4)

» 5.2.28. Tétel.
P 5.2.29. Tovdabbi improprius integrdlok.

V 5.3. Alkalmazasok

> restart;

» 5.3.1. Végtelen Kkicsinyek.
V 5.3.2. Gorbe hossza, heurisztikusan.

> z:=exp(I*t); zp:=diff(z,t); int(evalc(abs(zp)),t=0..2%Pi);

z:=ell
zp:=Tel!
2T (5.3.2.1)

> Student[Calculusl][ArcLengthTutor]();



» 5.3.3. Poldarkoordindtdakkal adott szektor teriilete,
heurisztikusan.

V 5.3.4. Forgdstest térfogata, heurisztikusan.

> Student[Calculusl][VolumeOfRevolutionTutor]();



V 5.3.5. Forgastest felszine, heurisztikusan.

> Student [Calculusl] [SurfaceOfRevolutionTutor]();




» 5.3.6. Tomeg, tomegkozéppont, tehetetlenségi nyomaték.
V 5.3.7. Kozelit6 szamitdsok.

> Student [Calculusl] [ApproximateIntTutor](Q;
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V 5.3.8. Newton-mddszer.

> Student[Calculusl] [NewtonsMethodTutor] (x-cos(x),0);
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> relaxnewton:=proc(f::procedure, fp: :procedure,x0,epsilon)
Tocal x,xx,t; x:=x0; t:=1.; print(x,t,f(x),abs(f(x)));
do if abs(f(x))<epsilon then return(x) fi;
t:=1.;
do xx:=x-t*f(xX)/fp(x); print(xx,t,f(xx),abs(f(xx)));
if abs(f(xx))<abs(f(x)) then break else t:=t/2 fi;
od; x:=xx; od; end;

relaxnewton(z->zA5-z+3,z->5%zA4-1,3.+10.%I,0.0000001) ;

relaxnewton(z->zA5-z+3,z->5%zA4-1,(1/5.)A(1/4)+0.01,
0.0000001) ;

relaxnewton := proc( f:procedure, fu:procedure, X0, &)

local x, xx, t;
x:= X0,
t:=1,

print(x, ¢, f(x), abs(f(x)));



do
ifabs(f(x)) < ¢ then
returnx
end if;
t:=1,
do
xx:=x — t*f(x) / fo(x);
print(xx, t, f(xx), abs(f(xx)));
ifabs(f(xx)) < abs(f(x)) then
break
else
t:=1/2*t
end if
end do;
X:= XX
end do
end proc
3.+10.1 1., 1.23243 10° + 14040.1, 1.240401493 10°
2.399872243 4+ 8.0000437731, 1., 40384.62044 +4599.180768 ],
40645.66437
1.919638552 + 6.400097857 1, 1., 13233.67341 +1505.902344 1,
13319.07856
1.535180765 +5.1201457261, 1., 4336.920528 +492.5281458 ],
4364.798236
1.227051191 +4.0961134081, 1., 1421.688163 + 160.6504428 1],
1430.736103
0.9793624175 + 3.276555586 1, 1., 466.4696379 + 52.04789824 1,
469.3643646
0.7786832399 + 2.6197877281, 1., 153.5006812 + 16.57703671 ],
154.3931905
0.6126365287 +2.0910224691, 1., 50.98085391 + 5.042396308 1,
51.22961278
0.4673540873 +1.6585439421, 1., 17.42867285 +1.321921898 ],
17.47873322
0.3202538500 + 1.2859615151, 1., 6.518954023 +0.1173256171,
6.520009728
0.1022977568 +0.90601938171, 1., 3.233581963 — 0.3728503660 1,
3.255006867



-0.9977750502 + 0.30009124121L 1.,
3.862941208 +0.92044420981, 3.971087045
-0.4477386469 + 0.6030553114 L, 0.5000000000,
3.460083711 —0.84178042371, 3.561007381
-0.1727204450 + 0.7545373466 1, 0.2500000000,
2.921980382 —0.63476275681, 2.990132624
0.1060046936 + 2.8554018621, 1., 38.03105906 + 184.3477905 ],
188.2298311
-0.0333578757 + 1.804969604 I, 0.5000000000,
1.264262686 +17.287576011, 17.33374294
-0.1030391604 + 1.279753475 1, 0.2500000000,
1.739041227 +1.931106675 1, 2.598737651
-0.2843003719 +1.182761857 1, 1., 0.8220340289 — 0.166825940 [,
0.8387912964
-0.3118996189 +1.2586032801, 1.,
-0.1236837561 +0.0196567121, 0.1252360086
-0.3084767808 + 1.250051687 [, 1.,
-0.0018307092 + 0.000149634 [, 0.001836814228

~0.3084151213 + 1.24992693971, 1., -4.087 10 —3.210°%1,
4.099508385 1077
~0.3084151033 + 1.2499269141, 1., -2.7107 +2.10771,

3.360059523 1077
~0.3084151033 + 1.249926914 I
0.6787403050, 1., 2.465311331, 2.465311331
—39.62452844, 1., —9.768330493 107, 9.768330493 10”

—19.47289408, 0.5000000000, —2.799941916 10°, 2.799941916 10°
—9.397076885, 0.2500000000, —73263.96516, 73263.96516
—4.359168288, 0.1250000000, —1566.689577, 1566.689577
—1.840213992, 0.06250000000, —16.26266179, 16.26266179
—.5807368430, 0.03125000000, 3.514683182, 3.514683182
0.0490017308, 0.01562500000, 2.950998552, 2.950998552
0.3638710180, 0.007812500000, 2.642507758, 2.642507758
0.5213056615, 0.003906250000, 2.517194470, 2.517194470
0.6000229832, 0.001953125000, 2.477751911, 2.477751911
0.6393816441, 0.0009765625000, 2.467474825, 2.467474825
0.6590609746, 0.0004882812500, 2.465283926, 2.465283926



44.17609570, 1., 1.682428220 10% 1.682428220 10°
22.41757833, 0.5000000000, 5.661636599 10°, 5.661636599 10°

11.53831965, 0.2500000000, 2.045006528 10°, 2.045006528 10°
6.098690317, 0.1250000000, 8433.801381, 8433.801381
3.378875646, 0.06250000000, 440.0350502, 440.0350502
2.018968310, 0.03125000000, 34.52755452, 34.52755452
1.339014642, 0.01562500000, 5.965524190, 5.965524190

0.9990378084, 0.007812500000, 2.996160483, 2.996160483
0.8290493915, 0.003906250000, 2.562604120, 2.562604120
0.7440551830, 0.001953125000, 2.483992535, 2.483992535
0.7015580788, 0.0009765625000, 2.468390740, 2.468390740
0.6803095267, 0.0004882812500, 2.465415037, 2.465415037
0.6696852507, 0.0002441406250, 2.465010430, 2.465010430
—434.5304273, 1., —1.549176724 10'3, 1.549176724 103
—216.9303710, 0.5000000000, —4.803986683 10!,
4.803986683 10!
—108.1303429, 0.2500000000, —1.478215997 10'°,
1.478215997 10'°
—53.73032884, 0.1250000000, —4.478137638 10%, 4478137638 10°
—26.53032179, 0.06250000000, —1.314351764 10/,
1.314351764 107
—12.93031827, 0.03125000000, —3.614322763 10°,
3.614322763 10°
—6.130316509, 0.01562500000, —8648.808030, 8648.808030
—2.730315628, 0.007812500000, —145.9971749, 145.9971749
—1.030315189, 0.003906250000, 2.869266289, 2.869266289
—.1803149693, 0.001953125000, 3.180124354, 3.180124354
0.2446851407, 0.0009765625000, 2.756191937, 2.756191937
0.4571851957, 0.0004882812500, 2.562788609, 2.562788609
0.5634352232, 0.0002441406250, 2.493347990, 2.493347990

0.6165602370, 0.0001220703125, 2.472539734, 2.472539734

0.6431227438, 0.00006103515625, 2.466896674, 2.466896674

0.6564039973, 0.00003051757812, 2.465454575, 2.465454575

0.6630446240, 0.00001525878906, 2.465103954, 2.465103954

0.6663649373, 0.000007629394530, 2.465024571, 2.465024571

0.6680250940, 0.000003814697265, 2.465009284, 2.465009284



577.8046921, 1., 6.440288481 10'3, 6.440288481 10'3
289.2363586, 0.5000000000, 2.024251297 10'?, 2.024251297 10'°
144.9521918, 0.2500000000, 6.399174192 10'°, 6.399174192 10'°

72.81010846, 0.1250000000, 2.046248505 10°, 2.046248505 10°
36.73906676, 0.06250000000, 6.693301407 10”, 6.693301407 10"
18.70354593, 0.03125000000, 2.288847052 10°, 2.288847052 10°
9.685785515, 0.01562500000, 85239.35908, 85239.35908
5.176905304, 0.007812500000, 3716.180271, 3716.180271
2.922465199, 0.003906250000, 213.2576739, 213.2576739
1.795245147, 0.001953125000, 19.85217718, 19.85217718
1.231635120, 0.0009765625000, 4.602433239, 4.602433239
0.9498301071, 0.0004882812500, 2.823259184, 2.823259184
0.8089276006, 0.0002441406250, 2.537448779, 2.537448779
0.7384763473, 0.0001220703125, 2.481149247, 2.481149247
0.7032507206, 0.00006103515625, 2.468758184, 2.468758184
0.6856379073, 0.00003051757812, 2.465883538, 2.465883538
0.6768315007, 0.00001525878906, 2.465205933, 2.465205933
0.6724282973, 0.000007629394530, 2.465048658, 2.465048658
0.6702266957, 0.000003814697265, 2.465014378, 2.465014378
0.6691258948, 0.000001907348632, 2.465008201, 2.465008201
—1067.192127, 1., —1.384245318 10*°, 1.384245318 10"°
—533.2615002, 0.5000000000, —4.312222394 10*3,
4.312222394 103
—266.2961872, 0.2500000000, —1.339136173 10*2,
1.339136173 10%°
—132.8135307, 0.1250000000, —4.132488076 10*°,
4.132488076 10'°
—66.07220241, 0.06250000000, —1.259197619 10°,
1.259197619 10°
—32.70153825, 0.03125000000, —3.739732126 10/,
3.739732126 10’
—~16.01620618, 0.01562500000, —1.053878194 10°,
1.053878194 10°

—7.673540141, 0.007812500000, —26595.28111, 26595.28111
—3.502207123, 0.003906250000, —520.3746648, 520.3746648
—1.416540614, 0.001953125000, —1.287008084, 1.287008084



—1.349270566, 1., —.122661857, 0.122661857
—1.341393320, 1., —0.001515350, 0.001515350

—1.341293547, 1., —2.321077,2.32 1077

—1.341293532, 1., —5.107%, 5.107
—1.341293532 (5.3.8.1)

V 5.3.9. Differencidlegyenletek.

> de:=diff(y(x),x,x)= 2 y(x)+1 dsolve(de);
de:= — dx2 y(x) =2 y(x) +1

V(x) = eTX_coqeVZX Cl—% (5.3.9.1)

V 5.3.10. Szepardbilsi differencidlegyenletek megolddsa.
V 5.3.11. Elsorendii linedris differencidlegyenletek megolddsa.

V #5.3.12. Varidcioszamitds.

> with(VariationalCalculus); g:='g"';
[ConjugateEquation, Convex, EulerLagrange, Jacobi, Weierstrass]

g:=9g (5.3.12.1)
> L:=g*rho*y(x)*sqrt(1+diff(y(x),x)A2);
2

L:=gpy(x) / 1+ [% y(x)] (5.3.12.2)

> EulerLagrange(L,x,y(x)); simplify(%); %[2];

gpy(x)/1+{%y(x)r ) [% y(X)] gpy(x) .

[eTen]

gp/H[%M]g_ i fxy(x)]z
Eerm




gpy(x) {% y(X)}2 [% y(X)] gpy(x) [;X—ZZ y(x)]

o (gof] T e

o[-0 o | &)

()]

3/2

gpy(x) _K

[Ty

gpy(x) _ K, (5.3.12.3)
/ 1+ [% y(XJ]z

V #5.3.13. Integrdlkritérium.

> sum(nAa,n=1..infinity) assuming a<-1;
¢(-a) (5.3.13.1)



