Kalkulus 1.

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak

» 1. Halmazok

v 2. Szamok

> restart;

V 2.1. Valés szamok

V 2.1.1. Test.

V 2.1.2. Példa.
> &+(0,0):=0; &+(0,1):=1; &+(1,0):=1; &+(1,1):=0;

&+%(0,0):=0; &*(0,1):=0; &*(1,0):=0; &*(1,1):=1;

0&+0:=0
0&+1:=1
1&+0:=1
1&+1:=0
0&0:=0
0&1:=0
1&0:=0
1&1:=1 (2.1.2.1)

V 2.1.3. Példdk.

> &+ :=(x,y)->irem(x+y,5); &* :=(x,y)->irem(x*y,5); 3&+4;
3&%*4;
&+ = (x, y)—>irem(x+y, 5)
&*:= (x, y)—»irem(xy, 5)
2
2 (2.1.3.1)



V * 2.1.4. Algebrai struktirdk.

> 1dsgrupoid:=proc(G::set,f::procedure) local x,y;
for x in G do for y in G do if not f(x,y) in G then return
false fi;
od; od; true; end;

isgrupoid:= proc( G:set, f:procedure) (2.1.4.1)
local x, y;
forxinGdo
foryin Gdo
if not in(f(x, y), G) then
return false
end if
end do
end do;
true
end proc

> neutral:=proc(G: :set,f::procedure) local x,y,s,S;
if not isgrupoid(G,f) then return NULL fi;
for x in G do s:=true; for y in G do
if f(x,y)<>y or f(y,x)<>y then s:=false; break; fi;
od; if s then return x fi; od; NULL end;

G:={a,b,c};neutral (G, (x,y)->y) ;neutral (G, (x,y)->Y);
neutral ({0,1,2}, (x,y)->irem(x+y,3));

neutral := proc( G::set, f:procedure)
localx, y, s, S:
if not isgrupoid(G, f) then
return NULL
end if;
forxin Gdo
s:= true,
foryin Gdo
iff(x, v) <>y or f(y, x) <>ythen
s:= false;
break
end if



end do;

if s then
return x

end if
end do;
NULL

end proc
G:={a, b, c}
0 (2.1.4.2)

> 1dissemigroup:=proc(G::set, f::procedure) local x,y,z;
if not isgrupoid(G,f) then return false fi;
for x in G do for y in G do for z in G do
if f(x,f(y,2))<>f(f(x,y),z) then return false fi;
od; od; od; true end;

issemigroup({a,b,c}, (x,y)->x);
issemigroup({true, false}, (x,y)-> x implies y);

issemigroup := proc( G::set, f:procedure)
localx, y, z
if not isgrupoid(G, f) then
return false
end if;
forxin Gdo
foryin Gdo
forzinGdo
iff(x f(y, z)) <>f(f(x y), z) then
return false
end if
end do
end do
end do;
true
end proc
true
false (2.1.4.3)
> 1isgroup:=proc(G::set,f::procedure) local x,y,n,1i;

if not isgrupoid(G,f) then return false fi;
if not issemigroup(G,f) then return false fi;



n:=neutral (G,f); if n=NULL then return false fi;
for x in G do i:=false; for y in G do

if f(x,y)=n and f(y,x)=n then i:=true; break fi;
od; if i=false then return false fi; od; true; end;

isgroup({0,1,2}, (x,y)->irem(x+y,3));

isgroup := proc( G::set, f:procedure)
localx, y, n, i
if not isgrupoid(G, f) then
return false
end if;
if not issemigroup(G, f) then
return false
end if;
n:= neutral(G, f);
if n = NULL then
return false
end if;
forxinGdo
i:= false;
foryin Gdo
iff(x, y) =n and f(y, x) = nthen
I:=true,
break
end if
end do;
ifi = false then
return false
end if
end do;
true
end proc
true

> iscommutative:=proc(G::set,f::procedure) local x,y;
if not isgrupoid(G,f) then return false fi;
for x in G do for y in G do
if f(x,y)<>f(y,x) then return false fi;
od; od; true; end;

(2.1.4.4)



iscommutative({0,1,2},(x,y)—>irem(x+y,3));

iscommutative := proc( G:set, f:procedure)
local x,
if not isgrupoid(G, f) then
return false
end if;
forxin Gdo
foryin Gdo
iff(x, v) <>f(y, x) then
return false
end if
end do
end do;
true
end proc
true (2.1.4.5)

> 1isabeliangroup:=proc(G::set, f::procedure)
isgroup(G, f) and iscommutative(G,f) end;

iscommutative({0,1,2},(x,y)—>irem(x+y,3));

isabeliangroup := proc( G::set, f:procedure)
isgroup(G, f) and iscommutative(G, f)
end proc

true (2.1.4.6)

> 1isleftdistributive:=proc(R::set,f::procedure,g: :procedure)

local x,y,z;

if not isgrupoid(R,f) then return false fi;

if not isgrupoid(R,g) then return false fi;

for x in R do for y in R do for z in R do

if glx, f(y,2))<>f(g(x,y),g(x,z)) then return false fi;

od; od; od; true end;

isleftdistributive := proc(R:set, f:procedure, g::procedure) (2.1.4.7)

localx, y, z

if not isgrupoid(R, f) then
return false

end if;

if not isgrupoid(R, g) then
return false

end if;



forxinRdo
foryinRdo
forzinRdo
ifg(x, f(y, 2)) <>f(g(x y), g(x, z)) then
return false
end if
end do
end do
end do;
true
end proc

> dsrightdistributive:=proc(R::set, f::procedure,g: :procedure)

local x,y,z;

if not isgrupoid(R,f) then return false fi;
if not isgrupoid(R,g) then return false fi;
for x in R do for y in R do for z in R do

if g(f(y,2),x)<>f(g(y,x),g(z,x)) then return false fi;

od; od; od; true end;
isrightdistributive := proc(R:set, f:procedure, g:procedure)

localx, y, z
if not isgrupoid(R, f) then
return false
end if;
if not isgrupoid(R, g) then
return false
end if;
forxinRdo
foryinRdo
forzinRdo
ifg(f(y, 2), x) <>f(g(y, x), g(z x)) then
return false
end if
end do
end do
end do;
true
end proc

> 1isring:=proc(R::set,f: :procedure,g: :procedure)
isabeliangroup(R,f) and issemigroup(R,g)

(2.1.4.8)



and isleftdistributive(R,f,g) and isrightdistributive(R,f,
g) end;
isring := proc(R::set, f:procedure, g::procedure) (2.1.4.9)

isabeliangroup(R, f) and issemigroup(R,
g) and isleftdistributive(R, f. g) and isrightdistributive(R, f. g)
end proc

> 1iscommutativering:=proc(R::set, f::procedure,qg: :procedure)
isring(R,f,g) and iscommutative(R,g) end;

iscommutativering := proc(R:set, f:procedure, g::procedure) (2.1.4.10)
isring(R, f. g) and iscommutative(R, g)
end proc

> dsringwithunity:=proc(R::set,f::procedure,g: :procedure)
isring(R,f,g) and neutral (R,g)<>NULL end;

isringwithunity := proc(R:set, f:procedure, g:procedure) (2.1.4.11)
isring(R, f. g) and neutral(R, g) <> NULL
end proc

> 1isskewfield:=proc(R::set, f::procedure,qg: :procedure) local
n;

n:=neutral(R,f); if n=NULL then return false fi;
isring(R,f,g) and isgroup(R minus {n},g) end;

isskewfield:= proc(R:set, f:procedure, g::procedure (2.1.4.12)

local i
n:= neutral(R, f);
if n = NULL then
return false
end if;
isring(R, f, g) and isgroup(minuS(R, {n}), g)
end proc
> 1isfield:=proc(R::set,f::procedure,g: :procedure) local n;
n:=neutral (R,f); if n=NULL then return false fi;

isring(R,f,g) and isabeliangroup(R minus {n},g) end;
isfield:= proc(R:set, f:procedure, g::procedure) (2.1.4.13)

local i,
n:= neutral(R, f);
if n= NULL then
return false
end if;
isring(R, f. g) and isabeliangroup(minus(R, {n}), g)
end proc



V *2.1.5. Példdak.
> iff:=(x,y)->evalb((x implies y) and (y implies x));
X:={true, false}; isabeliangroup(X, (x,y)->iff(x,y));

iff:= (x, y)—evalb((x = y) and (y= x))
X:= {false, true}
true (2.1.5.1)

V *2.1.6. Példdk.

> X:={a,b,c};with(combinat,powerset) ;P:=powerset(X) ;isgroup
(P, (x,y)->symmdiff(x,y));

X:={a, b, ¢}
[ powerset|

r:={{}, {a b c, {b d, {c, {a c, {a}, {b}, {a b}}

true (2.1.6.1)

V *2.1.7. Példdk.

> dsring({0}, (x,y)->0,(x,y)->0);

true (2.1.7.1)
> isring(P, (x,y)->symmdiff(x,y), (x,y)->{});
true (2.1.7.2)

V *2.1.8. Példdk.

> 1iscommutativering(P, (x,y)->symmdiff(x,y),(x,y)->x intersect

y);
isringwithunity (P, (x,y)->symmdiff(x,y), (x,y)->x intersect
y);

true

true (2.1.8.1)

» *2.1.9. Példdk.
V 2.1.10. Rendezett test.

> abs(7.4); abs(-3); abs(0); signum(7.4); signum(-3); signum



0);

0 (2.1.10.1)

» 2.1.11. Tétel.

» 2.1.12. Példdk.

» 2.1.13. Tétel.

» 2.1.14. Valos szamok.

V 2.1.15. Természetes szamok.

> inc:=x->x+1;0;1nc(%) ;inc(%) ;inc(%) ;inc (%) ;
dec:=x->x-1;4;dec(%) ;dec(%) ;dec(%) ;

inc:=x—-x+1
0

B w N

dec:=x—-x—1

— N W

(2.1.15.1)

V 2.1.16. Rekurziotétel.

> n:=16;twopower:=1;for i to n do twopower:=twopower*2; od;
n:=16

twopower =1
twopower = 2
twopower =4
twopower := 8
twopower := 16
twopower := 32



twopower := 64
twopower =128
twopower := 256
twopower := 512
twopower := 1024
twopower := 2048
twopower := 4096
twopower := 8192

twopower := 16384
twopower := 32768
twopower := 65536 (2.1.16.1)

> 2.1.17. Tétel.
V 2.1.18. Sorozatok.

> i:="1";j:="7":;%$3..9;1iA2%$i=2/3..10/3;x[11$1i=3..8; {jAi$j=1.
.8}%$1i=2..4;
ii=1i
Ji=J
3,4,56,7,8,9
4 25 64
9’ 9’ 9

X3y Xys X5, Xgy X7y Xg
{4, 9, 16, 25, 36, 49, 64}, {27, 64, 125, 216, 343, 512}, {256, 625,  (2.1.18.1)
1296, 2401, 4096}

V 2.1.19. Példa.

> cat("ab","bcc") ;cat("bcc","ab") ;evalb(%=%%) ; 'ab" | | "bcc";
"abbcc”

"bccab”
false

"abbcc" (2.1.19.1)
> with(StringTools,Generate) :Generate(4, "abc");
["aaaa", "aaab", "aaac", "aaba", "aabb", "aabc", "aaca", "aach", "aacc”, (2.1.19.2)
"abaa", "abab", "abac", "abba", "abbb", "abbc", "abca", "abcb",
"abcc", "acaa", "acab", "acac", "acba", "acbb", "acbc", "acca",
"acch", "accc", "baaa", "baab", "baac", "baba", "babb", "babc",

"baca’, "bacb", "bacc", "bbaa", "bbab", "bbac", "bbba", "bbbb",



"bbbc", "bbca", "bbcb", "bbcc", "bcaa”, "bcab", "bcac", "bcba”,
"bcbb", "bebce”, "beea”, "beeb”, "beec”, "caaa', "caab", "caac",
"caba", "cabb", "cabc", "caca", "cacb", "cacc", "cbaa", "cbab",
"cbac", "cbba", "cbbb", "cbbc", "cbca", "cbcb", "cbcc", "ccaa",

”CCa ", ”CCaC"’ ”CCba"’ "CCbb"’ HCCbC"’ ”CCCa"’ ”CCCb"’ "CCCC"]

P 2.1.20. Motivdcio: tovabbi rekurziv definiciok.
» 2.1.21. Altaldnos rekurzio tétel.
V 2.1.22. Fibonacci-szdmok.

> Fib:=proc(n::nonnegint) option remember; if n<2 then n else
Fib(dec(n))+Fib(dec(dec(n))) fi end;interface(verboseproc=

3):
print(Fib);
Fib(3) ;print(Fib);

Fib(7) ;print(Fib);
Fﬂ?kzproc(n:nonneghnj
option remember;
ifn < 2 then
n
else
Fib(dec(n)) + Fib(dec(dec(n)))
end if
end proc
proc(m:nonnegint)
option remember;
ifn < 2 then
n
else
Fib(dec(n)) + Fib(dec(dec(n)))
end if
end proc

proc( m:nonnegint)
option remember,
ifn < 2 then
n



else
Fib(dec(n)) + Fib(dec(dec(n)))
end if
end proc
13
proc(n::nonnegint) (2.1.22.1)
option remember;
ifn < 2 then
n
else
Fib(dec(n)) + Fib(dec(dec(n)))
end if
end proc

V 2.1.23. Szorzatok és dsszegek.

> prodfroml:=proc(x,n) if n<l then 1 elif n=1 then x[1] else
prodfroml(x,dec(n))*x[n] fi end;

prodfroml(y,5);
product(y[i],i=0..7);
sum(x[j],j=4.5..8.7);

prodfrom1 :=proc(x, n)
ifn <1 then

1
elifn =1 then

x[ 1]
else

prodfrom1(x, dec(n))*x[n]
end if

end proc
N2 Y345
Yo Y23 YaYsVe )7
Xs + Xg + X7 + Xg (2.1.23.1)

V 2.1.24. Az dltaldanos disztributivitds tétele.



> A:=sum(a[i],i=1..4);B:=sum(b[j],j=1..5);A*B;expand(%) ;
A=a,+a,+a;+a,

B:=b, +b,+b;+ b, + b
(ay+a,+ay+a,) (by+b,+ by + by + b))
a, b, +a, b,+a by;+a b,+a,b;+a,b +a,b,+a,b;+a,b, (2.1.24.1)
+a, bs +a; b, +a; b, + a; by +a; b, +a; bs +a, b, +a,b,
+a, b;+a, b, +a,bs

V 2.1.25. Faktoridlis, binomidlis egyritthato.

> 0!'; 1!'; 21; 3!'; 4!'; 5!; 6!;

6
24
120
720 (2.1.25.1)

> binomial(6,0) ;binomial (6,1) ;binomial (6,2) ;binomial(6,3);
binomial (6,4);

15
20
15 (2.1.25.2)

V 2.1.26. Binomidlis tétel.

> (x+y)A6;expand(%) ;
(x+y)°
X+6Xy+15x8 Y 420X Y +15 ¥y +6xy +)P (2.1.26.1)

V #2.1.27. Kovetkezmény.
> sum(binomial (n,k),k=0..n) ;sum(binomial (n,k)*(-1)Ak,k=0..n);

65536
0 (2.1.27.1)



V 2.1.28. Egész szamok.

> type(5,integer); type(-3,integer); type(0,integer); type
(3.14,1integer);

type(5,posint); type(-3,negint); type(0,posint); type(O,
nonnegint); type(0,nonposint);
true

true
true
false
true
true
false
true
true (2.1.28.1)

V 2.1.29. Hatvanyozds egész kitevovel.

> XA(-5); xA(n+m); expand(%); (XA4)A(-5); (X*y)A5;

;?6
Xy (2.1.29.1)
V 2.1.30. Raciondlis szamok.
> type(5/7,rational); type(O,rational);

true
true (2.1.30.1)

» 2.1.31. Archimédészi tulajdonsdg.
> 2.1.32. Allitds.
V 2.1.33. Egész rész, maradék.

> floor(3.14); ceil(3.14); ceil(-3.14);



3
4
-3 (2.1.33.1)

> Rmod:=proc(x::realcons,y::realcons) if y=0 then x else x-
floor(x/y)*y fi; end;

Rmod(5,0); Rmod(3.1415,2.78);

Rmod:= proc(x::realcons, y:realcons)

ify = 0 then

X
else

x — floor(x/y)*y
end if

end proc
5
0.3615 (2.1.33.2)

> 2.1.34. Tétel.
V 2.1.35. Tétel: gyokvonds.

> root[2](2); evalf(%); sqrt(2); root[12](2); evalf(%);

N

1.414213562

Jz

21/12

1.059463094 (2.1.35.1)

» 2.1.36. Kovetkezmény.

» *2.1.37. Allitds.

» * 2.1.38. Allitds.

V 2.1.39. Bovitett valos szamok.

> 1infinity; -infinity; evalb(5<infinity); evalb(5<-infinity);

o0
— 00
true
false (2.1.39.1)



V¥ 2.2. Megszamlalhato halmazok.

> restart;

» 2.2.1. Halmazok ekvivalencidja.

» 2.2.2. Allitds.

> 2.2.3. Megjegyzés.

» 2.2.4. Tétel.

» 2.2.5. Tétel.

> 2.2.6. Véges és végtelen halmazok.
V 2.2.7. Karakterisztikus fiiggvények.

> X:={a,b,c,d,e}; Y:={a,c,e}; chi:=x-> if x in Y then 1 elif
x in X then 0 else FAIL fi;chi(a);chi(b);chi(l);

X:={a, b, c e d}
Y:={a ¢ e}
% := x—ifxeYthen 1 elifxeX then O else FAIL end if

1
0

FAIL (2.2.7.1)

» 2.2.8. Tétel.

» 2.2.9 Skatulya elv.

» 2.2.10. Tétel.

> 2.2.11. Megszdmldlhato halmazok.
» 2.2.12. Tétel.

» 2.2.13. Tétel.

> 2.2.14. Tétel.

V 2.2.15. Tétel.

> for k from 0 do for m from 0 to k do n:=k-m: T:=time();
while time()<T+1 do od; pTintf[m,n],(k*(k+1)/2)+m); od; od;
0,0],0

[0,1],1
[1, 0], 2
[0, 2], 3



Warning, computation interrupted
» 2.2.16. Tétel.

> 2.2.17. Kovetkezmény.
» 2.2.18. Tétel.

» 2.2.19. Kovetkezmény.
> 2.2.20. Cantor tétele.

V¥ 2.3. Komplex szamok
> restart;

V 2.3.1. Komplex szamok.

> &+ :=proc(z,w) [z[1]+w[1],z[2]+w[2]] end;
&% i=proc(z,w) [z[1]*w[1]-z[2]*w[2],z[1]*w[2]+z[2]*w[1]]
end;

[x,yl&+[0,0]; [x,yl&+[-x,-yl; [x,yl&*[1,0];
[x,yl&*[x/(xA2+yA2) ,-y/(xA2+yA2)]; simplify(%);
[0,1]1&*[0,1];

&+:=proc(z, w) [z[1]+w[1], z[2] + w[2]] end proc
&*:=proc(z, w)
[1]*w[1] = Z[2]*w2], z[1]*w[2] + Z[2]*w[1]]
end proc



2 Y
Ziy

[1, 0]

[-1, 0] 2.3.1.1)

> Complex(3,5); z:=3+5%I; w:=-2-6%I; z*w; Re(2); Im(2);
conjugate(z);

3+5I1
z:=34+51
wi=-2—-61
24 — 281
3
5
3—5I1 (2.3.1.2)

> z:="z'";w:="w'; conjugate(z);

conjugate(conjugate(z)) ;conjugate(z+w) ;conjugate(l/z);

zZ.=7Z

wWi=Ww

NN

NI[—= +

(2.3.1.3)

V 2.3.2. Példa.

> 64/(3A(1/2)+1); evalc(%);
64

J3 +1
163 —161 (2.3.2.1)

V 2.3.3. Komplex szdmok abszoliit értéke.

> z:=x+I*y;abs(z);evalc(%);evalc(1l/(x+I*y)) ;evalc(conjugate
(z)/abs(2)A2);
Z:=Xx+1y

|x+1ﬂ



x 1y
i R
X Iy
xﬂqz f+f (2.3.3.1)
> signum(3+4*I); signum(-5); signum(0);
3., 4,
5 5
-1
0 (2.3.3.2)

V 2.3.4. Komplex szdmok argumentuma és trigonometrikus
alakja.

> polar(x+I*y); op(1,%); op(2,%%); polar(3+4*I); evalc(%);
argument(3+I%4);
polar(|x +1)], argument(x+1y))

|x+1ﬂ
argument(x +1y)

;polar[S,arctan[%%]J
3+41
4
arctall[?g-J (2.3.4.1)

V 2.3.5. Példa.

> z:=16%sqrt(3)-I*16; polar(z);
Zr:16vcf——161

polar[32, —é n] (2.3.5.1)

P 2.3.6. Gyokvonds komplex szdmbol.
V 2.3.7. Példa.

> z:="z"; i:="1"; w:=16%sqrt(3)-I*%16; solve(zA5=w,z); zl:=wA

(1/5);

r:=abs(w); phi:=argument(w) ;



rA(1/5)*(cos(phi/5+i%*2*Pi/5)+I*sin(phi/5+i*2*Pi/5))$i=0..4;
eval f(%);

solve(zA5=1); map(z->evalf(z*zl),[%]);

VALY
i:=1
wi=163 — 161
Warning, solutions may have been lost
21:=(16y3 —161)' "
r:=32
1

(])::—ETC

321/5[Shl[]%§7t]__ICOS[]2§7T]}
32175 shn[{%—n}-+lcos{{%—nj],
1/5 | _gin| 4 4 1/5(_1 _1]

32 sna[ls nJ-+Icos{15 w]],SZ [ JT; > I,

2
321 /> shnffg-n]-—lcos{i%-n]]

1.989043791 — 0.2090569258 [, 0.8134732860 + 1.827090915 ],

-1.486289651 +1.338261212 1, -1.732050808 — 1.000000000 I,
0.4158233818 —1.9562952011

Warning, solutions may have been lost

1,—%+%E+ilﬁ\/5+ﬁ,—l—lﬁ+ilﬁ\/5—ﬁ,

4 4

—%—iﬁ—%lﬁh—ﬁ,—i+%ﬁ—ilﬁ\/5+ﬁ
[L989043791——02090569265L(18134732858+-L827090915L

~1.486289651 +1.338261212 1, -1.732050807 — 0.9999999996 ],
0.4158233815 —1.956295201 I

(2.3.7.1)

V 2.3.8. Bovitett komplex szamok.

> z:=infinity+I*infinity; w:=infinity-I*infinity; evalb(z=w);

Zi=0+4+ o]
Wi= o — o]

true (2.3.8.1)



V 2.3.9. Kvaterniok.

> &+ :=(p,q)->[p[1]l+q[1],p[2]+q[2]];
&% 1=(p,q)->[p[1]1*q[1]-conjugate(q[2]1)*p[2],q[2]*p[1]1+p[2]

*conjugate(q[11)];
&+:=(p, @)—|p, +a,, p, + a5
&* = (19, 6])—>[l91 ql_q_zpz’ P, 42+pzq_1] (2.3.9.1)

> p:=[a+I*b,c+I*d]; p&+[0,0]; p&+[-a-I*b,-c-I*d];

p:=la+1b, c+1d]
[a+Ihc+Id
[0, 0] (2.3.9.2)

> p&+*[1,0]; [1,0]&*p;

q:=[(a-I*b) /(ar2+bA2+cA2+dA2) , (-c-I*d) /(aA2+bA2+cA2+dA2)];
p&*q;evalc(%) ;simplify(%); q&*p;evalc(%);simplify(%);

[a+Ihc+Id
[a+Ihc+Id

i a—1b -c—1d
B+ +E+dE PP +E+d
(a+1b) (a—1b) -c—1d (
— C+Idl
AV +E+d A+ +E+ P
(a+1b) (-c—1d) a—1b

+ (c+1d)

@+ +E+d @+ +E+d
a + b ¢ N &
F++E+d BV +E+d AP+ E+ A
-ac+bd ca B db
F+b+E+d PV +E+d AP+ E+d
-bc—ad da " chb
F++E+d P+ +E+d P+ +E+d
[1, 0]
(a+Ib)(a—Ib)__EITE(—C—Id)
E++E+d A+ +E+E
(a—Ib)(c+Id)+_Gf—Id)EITZ
F++E+d P+ +E+d

+1

|




a + b N E+d
AV +E+d AV +E+E
[1,0] (2.3.9.3)
swi="w';zl:="z1";p:=[z,w];pl:=[z1,wl];p2:=[z2,w2];

p&* (p1l&*p2) ; expand (%) ; (p&*p1l) &*p2;expand(%) ;

z:=Z
Wi=Ww
zl:=7z1
p:= [z, W]
pl:.= [zl, wl]
p2:= [22, WZ]

[z(zl 22—;2w1) —zIlw2+ w12_2w,

V4 (zl w2+ WlZ_Zj +wzl ZZ—VZW]]
[zzl 72— zw2wl—wzl w2 — WZZE,

zzIw2+zwlz2+wzl ZZ—WWZW]]

[(zzl —WWJ ZZ—W_Z(ZWI +WZ),
(zzl —wil w] w2+ (zwl —I—WZ) 2_2]

[zzl 72— wz2wl—zw2wl —W—ZWZ, (2.3.9.4)
zz1 w2—ww2ﬁ+zwlz_2+z_2wﬂ]

> p&* (pl&+p2) ;expand (%) ; (p&*pl) &+ (p&*p2) ;
(p1&+p2) &*p;expand(%) ; (p1&*p) &+ (p2&*p) ;
[z(zl +22) —wl+w2w, z(w1+w2) +wzl —|—z.2]
[zzl +222—Ww—ww_2, zwl+zw2+ wZ—i—wz_Z]

[zzl +222—ﬁw—ww—2, zwl+zw2+ WZ—l—WZ_Z]
[z(z1+22) = w(wl+w2), (z1+22) w+ (Wl +w2) Z]
[zz1+222—wwl—ww2 wzl+wz2+zwl + zw2]

(zz1+222—wwl—ww2 wzl+wz2+zwl+ zw2] (2.3.9.5)
> j:=[0,11; j&*j; [z,0]&+([w,0]&*]);
j:=10,1]
-1, 0]
[z, W] (2.3.9.6)

> k:=[0,I]; k&*k; i:=[I,0]; i&*i; [a,0]&+([b,0]&*1)&+([c,0]&*
3)&+([d,0]&*k) ;

k:= [0, I]



-1, 0]
i:=[1 0]
-1, 0]
la+1b, c+1d] (2.3.9.7)
> p:=[a+I*b,c+I*d]; evalc([x,0]&*p); evalc(p&*[x,0]);

p:=la+1b, c+1d]
[xa+1xb, xc+1xd|
[xa+1Ixb, xc+1xd] (2.3.9.8)

> j&*[z,0]; [z,01&*]; _
[0, Z]

[0, z] (2.3.9.9)
> 1&*%j; j&*k; k&*i; j&*i; k&*j; 1&*k;

[0, -1] (2.3.9.10)
> d:="1"; j:i="j"; k:="k';

C2toR4:=g->evalc(Re(q[1])+Im(q[1])*1+Re(q[2])*j+Im(q[2]1) *k)
; :=C2toR4(p);

~

i
J

~ <~

k
C2toR4:= g—evale(R(a,) +3(a,) i+R(a,) j+3(a,) k)
g:=a+bi+cj+dk (2.3.9.11)

> R4toC2:=q->[q-coeff(q,i)*i-coeff(q,j)*j-coeff(q,k)*k+I*
coeff(q,i),coeff(q,j)+I*coeff(q,k)]; R4toC2(q);

R4toC2:= q—[q — coeff(q, 1) i— coeff(q, j) j— coeff(q, k) k
+1coeff(aq, i), coeff(aq, j) +1coeff(qg, k)]
la+1b, c+1d] (2.3.9.12)

> qIm:=q->coeff(q,i)*i+coeff(q,j)*j+coeff(q,k)*k;qRe:=q->q-
qIm(q); 9gRe(q); gqIm(q);

glm:= q— coeff(q, i) i+ coeff(aq, j) j+ coeff(q, k) k



gRe:=g—q—qlm(q)
a
bi+cj+dk (2.3.9.13)

> qgconjugate:=q->qRe(q)-qIm(q); qconjugate(q);

gconjugate := g— qRe(q) — gim(q)
a—-bi—cj—dk (2.3.9.14)
> ¢; qconjugate(q); qconjugate(%); g+qconjugate(q); q-

qconjugate(q);
a+bi+cj+dk

a—bi—cj—dk
a+bi+cj+dk
2a
2bi+2cj+2dk (2.3.9.15)
> ql:=al+bl*i+cl*j+dl*k; q2:=a2+b2*i+c2*j+d2%k;

ql+q2; collect(%,[1,7,k]l); &+ :=(ql,qg2)->collect(ql+q2,[i,
i.k1); ql&+q2;

“&* :=proc(ql,q2) local al,a2,bl,b2,cl,c2,dl,d2;
al:=qRe(ql);a2:=qRe(q2) ;bl:=coeff(ql,i) ;b2:=coeff(qg2,i);
cl:=coeff(ql,j);c2:=coeff(qg2,j);dl:=coeff(ql,k);d2:=coeff
(a2,k);
(al*a2-bl*b2-cl*c2-d1*d2)+(al*b2+a2*bl+cl*d2-d1l*c2)*i+
(al*c2+cl*a2+d1l*b2-bl1*d2)*j+(al*d2+dl*a2+bl*c2-c1l*b2)*k;
end;

q1&*q2;
gconjugate(ql&+g2); qconjugate(ql)&+qconjugate(q2);

gconjugate(ql&*qg2) ;qconjugate(q2)&*qconjugate(ql) ; expand
(%%-%) ;

ql:=al+bli+clj+dIlk
q2:=a2+b2i+c2j+d2k
al+bli+clj+dlk+a2+b2i+c2j+d2k
(b1+b2) i+ (c2+c1)j+(d2+d1) k+al+a2
&+:= (g1, g2)—collect(q1 + g2, [i, j, k])
(b1+b2) i+ (c2+c1)j+(d2+d1) k+al+a2
&*:=proc(qgl, g2)
localal, a2 b1, b2, cl, c2, d1, d2,
alk:qRe(qI}



a2:=:qRe(q2);
b1:= coeff(ql, i);
b2:= coeff(g2, i);
¢l := coeff(ql, j);
c2:= coeff(q2, j);
dl := coeff(ql, k);
d2 = coeff(g2, k);
al*a2 — bl1*b2 —cl*c2 —dl1*d2+ (al*b2+ a2* bl
+cl*d2—dl*c2)*i+ (al*c2+cl*a2+d1*b2 — b1*d2)*j
+ (al*d2+dl*a2+bl*c2 — cl*b2)*k

end proc

ala?2—blb2—clc2—dld2+ (alb2+a2bl+cld2—dilc2)i
+(alc2+cla2+dib2—b1d2)j+ (ald2+dla?
+blc2—clb2)k

al +a2— (b1+b2)i—(c2+c1)j—(d2+dl) k
(-b1—b2) i+ (-c2—c1)j+ (-d2—d1) k+al + a2

al a2 —blb2—clc2—dld2— (al b2+ a2bl
+cld2—dic2)i—(alc2+cla2+dlb2—-b1d2)j— (ald2
+dla2+blc2—clb2)k

al a2—blb2—clc2—dld2+ (-a2bl —alb2+dlc2—cld2)i
+(~c1a2—alc2+b1d2—dib2)j+ (-dla2—ald2
+cl1b2—blc2)k

0 (2.3.9.16)

V 2.3.10. Kvaterniok és a hdarom dimenzios euklidészi tér.
> ql:=bl*i+cl*j+dl*k; q2:=b2*i+c2*j+d2*%k; q¢3:=b3*i1+c3*j+d3%k;
scalarprod:=(ql,g2)->-gRe(ql&*q2); scalarprod(ql,q2);
vectorprod:=(ql,q2)->qIm(ql&*q2); vectorprod(ql,q2);

mixedprod:=(ql,q2,q3)->scalarprod(ql,vectorprod(q2,q3));
mixedprod(ql,q2,q3);

gql:=bli+clj+dlk
g2:=b2i+c2j+d2k
G3:=b3i+c3j+d3k

scalarprod:= (g1, g2) —>-gRe(q1 &* g2)
bl b2+ clc2+dld2



vectorprod:= (g1, g2) — qim(gl & q2)
(c1d2—d1c2) i+ (dl1b2—b1d2)j+ (blc2—clb2)k
mixedprod := (ql, q2, q3)—>scalarpr0d(q1, vectorprod(q.?, q3))
bl (c2d3—d2c3) +cl1(d2b3—b2d3)+dl(b2c3—c2b3)  (2.3.10.1)

V 2.3.11. Kvaterniok abszoliit értéke.

> qabs:=q->sqrt(qRe(q)A2+coeff(q,i)A2+coeff(q,j)A2+coeff(q,k)
A2);

qabs(q); q&*qconjugate(q);

gabs:= q— gRe(q)” + coeff(q, i)* + coeff(aq, j)° + coeff(a, k)°
Ja&+V+E+d
@+ +E+d (2.3.11.1)

V 2.3.12. A skaldar- vektor- és vegyes szorzat geometriai jelentése.

> qabs(ql&+q2)A2-qabs(ql-q2)A2;
4blb2+4clc2+4dldz (2.3.12.1)

V 2.4. Polinomok

> restart;

> 2.4.1. Jelolés.
P 2.4.2. Polinomok és raciondlis tortfiiggvények.
V 2.4.3. A maradékos osztds tétele polinomokra.

> F:=3%*xA3+6%xA2+7%x-8; ¢:=xA2+8%x-2; q:=quo(f,g,x); r:i=rem
(f,9,x);
g*qg+r; expand(%) ;

f=3xX+6xX+7x—38
gi=xX+8x-2
q:=3x—18
ri=-44 +157x
(¥ +8x-2)(3x—18) —44+157x
3xX+6X +7x—8 (2.4.3.1)



V 2.4.4. Kovetkezmény: Horner-elrendezés.
> rem(f,x-5,x); subs(x=5,f);

552
552 (2.4.4.1)

V 2.4.5. Kovetkezmény: gyoktényezo levdlasztdsa.

> fi=(x-1)A2%(x-2); f:=expand(f); quo(f,x-2,x);
fF=(X—-1)2(X—-2)
fi=xX—4x*+5x-2
X —2x+1 (2.4.5.1)

V 2.4.6. Kovetkezmény.
V 2.4.7. Kovetkezmény.

V 2.4.8. Polinomok egyértelmii felirdsa.

> coeff(f,x,0); coeff(f,x,1); coeff(f,x,2); coeff(f,x,3);
coeff(f,x,4); Tcoeff(f,x); T1coeff(0,x);
-2

(2.4.8.1)
> degree(f); degree(0);

— 0 (2.4.8.2)

V 2.4.9. A maradékos osztds egyértelmiisége.

V 2.4.10. Tobbszoros gyokok.

> subs(x=1,f); quo(f,x-1,x); subs(x=1,f); quo(f,(x-1)A2,x);
0

X —3x+2



0
X—2 (2.4.10.1)

V 2.4.11. Az algebra alaptétele.

> solve(f,x); solve(xA3=1,x); r:=[%];

2,1, 1
1 1 1 1
1, -—+—1 = =
o V3, > J3
N S T § 11
r.—[l, 2+21ﬁ, > Zlﬁl (2.4.11.1)

V 2.4.12. Gyoktényezos elodllitds.

> map(y->x-y,r); convert(%, *); evalc(%);

x_l,x+l_llﬁ,x+l+llﬁ]

2
(x—l)[x—i—%——l\/_][ +—+—I\/_]

X —1 (2.4.12.1)

V * 2.4.13. Lagrange-interpoldcio.

> CurveFitting[PolynomialInterpolation]([0,1,2,3]1,[0,3,1,3],
x);

CurveFitting[PolynomialInterpolation]([0,1,2,3],[0,3,1,3],
x, form=Lagrange) ;

3 .3 2 17

Ex—7x4—2
%x(x—ﬂ(x—3)—%x(x—ﬂ(x—3)+%X(M—H(X—2) (2.4.13.1)

V 2.4.14. Tobbvidltozos polinomok és raciondlis tortfiiggvények.
> f:=5%xA2*y; type(f,monomial); type(f,polynom); degree(f);

f:=fF+x*yA3; type(f,monomial); type(f,polynom); degree(f);



f:=5 X y

true

true
3

f:i=5 X v+ X);

false

true
4 (2.4.14.1)

> f/(2%x*y-5%xA2%yA2); type(f,ratpoly);

5 X Y+ xy3
2Xy—>5 X );
true (2.4.14.2)

» 3. Hatarérték
» 4. Differencialszamitas

» 5. Integralszamitas



